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1 Introduction

This note presents robot kinematics, which is the geometric description of robot motion. The
presentation is based on the material in robotic textbooks like [16, 17]. In addition, there is
material on screw theory [9], which is used in the robotic textbook [11]. The note provides the
reader with additional background and details on these topics. In particular, the note gives
insight on both coordinate-free descriptions of vectors and dyadics, and on the corresponding
coordinate formulations using column vectors and matrices. The description of rotations is
given much attention, and also the description of the position and orientation of a rigid bodies
is treated in detail.

2 Vectors

2.1 Vector description

Forces, torques, velocities and accelerations are well-known entities that can be described by
vectors. A vector @ can be described by its magnitude |@] and its direction.

Figure 1: The coordinate frame a.

Note that this description of a vector does not rely on the definition of any coordinate frame,
and the vector is said to be coordinate-free. Let a Cartesian coordinate frame be defined by
three orthogonal unit vectors €1, € and €3 that are unit vectors along the z,y, z axes of the
frame (Figure 1). Then the vector @ can be expressed as a linear combination of the orthogonal
unit vectors €, €; and €3 by

i = U1€1 + Us€y + u3€3 (1)

where
w=14u-¢€, 1€{l1,2,3} (2)

are the unique components or coordinates of 4 in a.

A related description of the vector is given in terms of the coordinate vector which is a column

vector
U1

u = u9 (3)
u3
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Figure 2: The vectors #, v and 7.

2.2 The scalar product

The scalar product between two vectors @ and ¥ is given in the coordinate-free description by
U - U = |u||v] cos O (4)
where 6 is the angle between the two vectors (Figure 2).

In coordinate form with reference to the frame a we may then represent the vectors ¢ and o
by their coordinate vectors

Ul U1
u = uz , vVv= V2 (5)
us U3

where u; = @ - € and v; = ¥ - €;. The scalar product in terms of coordinate vectors is

-7 = (wmeér + u2es + u3es) - (V161 + v2ea + v3€3)

= U1 + U2V9 + uzvs

= UT’U

where it is used that €; - €; = d;; which is equal to unity when 7 = j and zero otherwise.

The scalar product can be written in the three alternative forms

3
U-U= Zuivi:uT'v (6)
=1

2.3 The vector cross product

The wvector cross product is given in the coordinate-free form by

4 x U = 7i|d||v] sin @ (7)
where 0 < 6 < 7 and 71 is a unit vector that is orthogonal to both @ and #' and defined so that
(i, 7, 7) forms a right-hand system (Figure 2).

Using the components in the Cartesian frame with unit vectors €1, es, €3 the vector cross
product can be evaluated from

(] 62 53

U1 U2 U3 (8)
vl Uy U3

g
1
£
X
S
I



which gives
’Lﬁ = (’LLQ’Ug — U3U2)€1 + (U3’1)1 - ulvg)éé + (Ul’Ug — UQ01)€3 (9)

In coordinate vector notation we introduce the skew-symmetric form of the coordinate vector

u defined by

0 —us Uu9
u* = | ug 0 —u (10)
— U2 Ul 0

Then the vector cross product can be written in coordinate vector form as

U2V3 — U3V2
w=u"v=| uzv; — U U3
U1V2 — U201

It is concluded that the vector cross product has the following equivalent representations:

W=uUx¥ & w=u"v (11)

It is noted that a set of orthogonal unit vectors €1, €, €3 satisfies

e X ey = 53, é'l X 53 = —52 (12)
52 X 53 = 51, 52 X 51 = —53 (13)
53 X 51 = 62, 53 X 62 = —51 (14)

2.4 The triple scalar product

Let d, l_;, ¢ be three arbitrary vectors. Then the triple scalar product satisfies product is

(@xb)-&=1 -7 =]l cosd (15)
where 77 = @ x 5, |7i| is equal to the area of the parallelogram spanned by @ and 5, and @ is
the angle between 7i and €. The triple scalar product is equal to the signed volume of the
parallelepiped spanned by the vectors @, b and €.

From the the geometric argument that the triple scalar product is the volume spanned by the
three vectors, it follows that

(@xb)-¢=(Cxa)-b=(bxd) - a (16)
It is interesting to note that
Lo as a3 | . ar az | . a1 az | . . 5 .
(a X b) -C = < bz b::: €1 + bll bi €2 + bll bz 63) . (0161 + co€9 + 6363) (17)

which means that the volume spanned by the three vectors can be expressed by a determinant
according to

a| az as
(C_i X ) -C= bl bg bg (18)
c1 ¢ C3



The rows of the determinant can be interchanged in a cyclical order, that is,

a1 az as cG c2 c3 bi by b3
bl bz bg = | a a2 as = Cl Cy C3 (19)
c1 ¢ c3 by by b3 ay az as

which confirms the result (16).

2.5 The triple vector product

Let @, 5, ¢ be three arbitrary vectors. Then the triple vector product satisfies
ix(bxd) =ba-Z—a-bc (20)

This can be shown by calculation of the components on both sides. Let a, b, and ¢ be the
coordinate representations of @, b and ¢ in some coordinate frame. The coordinate form of the
triple vector product is then

a*b*c=0ba"c—a"bc= (ba” —a'bI)c (21)

The vector ¢ is arbitrary, and it follows that

a*b* =ba' —a'bI (22)
In particular we note that
a*a” =aa’ —a'al. (23)
For a unit vector k this gives
E kX =kk® — I (24)

since kTk = 1.

The triple vector product satisfies the Jacobi identity

Gx (bxd)+bx (Exa)+&x(@xb)=0 (25)
The coordinate form of this is
a*b c+b*c*a+c*a*b=0 (26)
The terms in the Jacobi identity can be rearranged to give
(@xbyxé=ax (bx&) —bx(@xé (27)
the coordinate form of this is

(@*b)*c=a*b"c—b*a"c (28)

Since c is arbitrary, this gives
(@a*b)* =a*b* —b*a” (29)
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Figure 3: The coordinate frames a and b.

3 The rotation matrix
3.1 Coordinate transformations for vectors

It was shown that a vector can be described in terms of its component in a coordinate frame
a with orthogonal unit vectors @i, ds, ds. Dynamic models for use in robotics, car dynamics,
aerospace, marine systems, and navigation typically involve several Cartesian frames, so that
a vector may have to be described in more than one frame. To investigate this we introduce
a second coordinate frame b with orthogonal unit vectors 51, 52, 53 along the axes. A vector ¢
may then be represented with respect to the systems a and b using the notation

3
v=) wvla; and T= ZU?EZ (30)
i=1 i=1
where
v =TU-d; (31)
are the coordinates of ¥ in a, and
v =7 b; (32)

are the coordinates of ¥ in b. To distinguish the column vectors of coordinates in frame a from
the column vector of coordinates in frame b we write

b

a
v = | v§ and v’ = | v} (33)
v v

where superscript a denotes that the vector is given by the the coordinates in a, and the
superscript b denotes that the vector is given by the coordinates in b.



To find the relation between the coordinate vectors v® and v’ in frames a and b the following
calculation is used:

v = §-d = (v}by +viby + vhbs) - @
3
= Soh(a-) !
j=1

This leads to the following result: The coordinate transformation from frame b to frame « is
given by
v? = Rlv® (35)
where
R} ={d; - b;} (36)
is called the rotation matriz from a to b. The elements r;; = @; - Ej of the rotation matrix R}

are called the direction cosines.

It is seen that the rotation matrix from a to b transforms a vector given in the coordinates of
frame b to the same vector given in the coordinates of frame a. Because of this the matrix
may also be called the coordinate transformation matriz from b to a.

3.2 Properties of the rotation matrix

The rotation matrix has a number of useful properties that will be discussed in this section.
First it is noted that the rotation matrix from b to a can be found in the same way as the
rotation matrix from a to b by simply interchanging ¢ and b in the expressions. This gives

Rb = {b; - d;} (37)
For all v* we have
v’ = Rv® = RC Rjv® (38)
This implies that
RCRY =1, (39)
and it follows that
Rl = (R})! (40)

A comparison of the elements in the matrices in (36) and (37) leads to the conclusion that
Rt = (R?)T. This shows that the rotation matrix is orthogonal and satisfies

R, =(R})™ = (R))" (41)

Consider a vector p with coordinate vector p® in frame a. Define the vector ¢ defined by its

coordinate vector
q* = Ryp* (42)

Note that the vector ¢ is defined by the vector p and the rotation matrix Rj. The coordinate
vector g% in b is according to the usual coordinate transformation rule

¢’ = Rbq" = R R}p" = p” (43)

10



which means that the coordinates of ¢ in b are equal to the coordinates of ' in a. This shows
that the rotation matrix from a to b rotates the vector p to the vector ¢ so that g® = p®.

From this it follows that
bj = Rja; (44)

which means that the rotation matrix R} rotates the orthogonal unit vector @; in a to the
orthogonal unit vectors b; in b. This is seen from

1 0 0
al=b=[0], ai=b,=|1| and a¢=b=|0 (45)
0 0 1

It follows that the columns of the rotation matrix are the coordinate vectors bf of I_)'Z in frame
a, that is

Ry =[ b5 by b ] (46)
Note that the rotation matrix Ry from a to b has two interpretations:

1. Consider two frames ¢ and b with origin in the same point. Let the vector ¢ have
coordinate vector v® in b and coordinate vector v® in a. Then the rotation matrix Ry
transforms the coordinate vector in b to the coordinate vector in a according to

v® = R’ (47)
In this equation R} acts as a coordinate transformation matrix.

2. The vector p with coordinate vector p® in « is rotated to the vector ¢ with coordinate
vector q° = p® by
q“ = R;p"° (48)

In this equation R} acts as a rotation matrix.

The determinant of the rotation matrix R} is found by direct calculation to be

det Rf = ri1(roarss — raeres) + ro1(raaris — riarss) + ra1(riaras — r22r13)
= (69" [(b5) bg] = (b)) bi =1

where it is used that (b%)” b% = b, and that b¢ is a unit vector. This means that the rotation
matrix has a determinant equal to unity, that is

det R® = 1 (49)

Finally, the set SO(3) is defined. We have established that the rotation matrix is orthogonal
and has a determinant equal to unity. The set of all matrices that are orthogonal and with a
determinant equal to unity is denoted by SO(3), that is,

SO3)={RIRcR*3 R'R=1 and detR=1} (50)

Here R3*3 is the set of all 3 x 3 matrices with real elements. A matrix R is a rotation matrix
if and only if it is an element of the set SO(3).

11



3.3 Composite rotations

The rotation from frame a to a frame ¢ may be described as a composite rotation made up by
a rotation from a to b, and then a rotation from b to ¢. The transformation of v¢ to b and to
a is given by

v’ = R
v* = RS
Combining these two equations we get
v® = R{v’ = R¢Rbv°
This shows that:

The rotation matrix of a composite rotation is the product of the rotation matrices:

R = R!R’

This shows that the rotation matrix for the composite rotation R? is simply the product of
the rotation matrices R} from a to b and R? from b to c. It is straightforward to extend this
result to the composite rotation of three or more rotations. In the case of three rotations we

have
4= R{R!Rj (51)

3.4 Simple rotations

Figure 4: A rotation by an angle # around d3.

A rotation about a fixed axis is called a simple rotation. We will here derive the rotation
matrices corresponding to simple rotations about the z, y and z axes. Consider a rotation by
an angle ¢ about the z, axis from a frame a to a frame b. The resulting rotation matrix is
denoted R;(¢). In the same way we define R,(6) to be the rotation by an angle 6 about the
y axis, and R, (1)) to be the rotation by an angel ¢ about the z axis.

12



For the rotation R,(¢) we see from Figure 4 that d; = 51, so that @ - by = 1, while

@by = @ -by=dy-by=ds b =0 (52)
@ -by = cos¢, @s-bs=cosp (53)
63 : 52 = gin gb, 62 . 53 = — Sin¢ (54)

In the same way we can find the elements of the matrices R, (¢) and R;(¢). This results in

1 0 0
Ry(¢)=| 0 cos¢p —sing (55)
| 0 sin¢g cos¢

cos@ 0 siné
R,(0) = 0 1 0 (56)
| —sinf 0 cosf

costp —siny 0

R,(¢p) = | sinyp cosyp 0O (57)
0 0 1

3.5 Angle-axis parameters

]

Figure 5: Angle axis parameters 6 and k of a rotation where & is a unit vector, and @ is the
angle of the rotation about k.

A rotation matrix R{ is orthogonal with determinant equal to unity. It can be shown [1] that
this implies that one of the eigenvalues to the matrix is equal to one, and it follows that a
rotation matrix ha a eigenvector k which satisfies

Rik=k (58)

This algebraic result can be given a geometric interpretation which is the basis for the angle-
axis parametrization of the rotation matrix Rj. The geometric interpretation that will be used
is that the eigenvector k is the coordinate vector of a unit vector E, where £ is defined by its
coordinate vector

kK =k (59)

in frame a. The transformation rule

k% = RIK® (60)

13



then implies that
k* =K"=k (61)

which means that & has the same coordinates in frames a and b. It is therefore possible to
describe the rotation from a to b as a simple rotation by an angle § about the vector k which
is fixed in both a and b. On background of this (6, IZ) is called the angle-azis parametrization
of the rotation matrix Rj. Note that this gives four parameters and one constraint equation,

namely the angle 8 plus the three coordinates of the unit vector E, and the constraint equation
k-k=1.

3.6 Derivation of the rotation matrix of a general simple rotation

In this section the rotation matrix R corresponding to a simple rotation 6 about a fixed
unit vector k will be presented. The result is called Rodrigues equation and is attributed to
Olinde Rodrigues [13]. The derivation will be based on a coordinate-free description. This has
the advantage that the result can be represented in an arbitrary coordinate frame, and it is
straightforward to transform the result to another coordinate frame. The derivation is based
on the active form of the rotation matrix where a vector p is rotated to a vector g according to
q = Rp. The coordinate vector p is a column vector of the coordinates of the vector p, where
P’ is given in terms of its magnitude and direction. In the same way, the coordinate vector q is
a column vector of the coordinates of the vector ¢, where ¢ is given in terms of its magnitude
and direction.

p|

Figure 6: Rotation of a vector p’ to a vector ¢ by an angle 8 about k.

Consider the vector P, and suppose that it is rotated to a vector ¢ by an angle 8 about a unit
vector k. The vector 7 is decomposed into two components as

p=p)+pL (62)

where the component pj is along E, and the component p'| is perpendicular to k. The compo-
nent along k is

B = k(k - )

14



while the component perpendicular to k is
pL=p—p)=p—k(k-p)
Next, consider the vector
pa=kxp
which is perpendicular to both 5 and k. Then the following calculation gives an interesting
and useful result:

Pex K= (B xp) x K= p(k - F) = K(F-p) = = K(F-) = pu.

This implies that |p | = [p4], which follows as p is perpendicular to k. This means that
the two vectors p| and p-, which are both in the plane perpendicular to IZ, will have equal
magnitude, and will be orthogonal to each other, so that p, p5 and k will be orthogonal
vectors that form a right-hand system.

After these preliminaries, the expression for the rotation matrix can be derived. In the rotation
of p'= pj| + L by an angle § about k, the component p along k£ will not be changed, while
the projection p’| in the plane will be rotated by an angle 6 to cos 85 + sin 6p. The result is

q = pj| + cos 0P + sin 64 (63)
Insertion of the expressions for fj, p1 and py gives

7= k(k - p) — cos Ok x (k x ) + sin 0k x (64)

—

Insertion of the general expression k x (k x §) = k(k - ) — 7 leads to Rodrigues equation

—

7=p+sinbk x 5+ (1 —cos0)k x (k x ) (65)

which is the expression for a vector ¢ that rotated by an angle 8 about there unit vector k. Note
that this derivation was done without the introduction of any coordinate frame, and because
of this the result can be said to be based on a coordinate-free description.

The coordinate form of the result is obtained simply by substituting the coordinate vectors g,
p and k, where all three coordinate vectors must be in the same coordinate frame. The result
is

g=p+sinbk*p+ (1 —cos§)k k™ p (66)

Here p can be factored out, which gives
g= (I+sink* + (1 —cosO)k*k*)p (67)
Then, since g = Rp, it follows that the rotation matrix is given by

R =T +sin0k* + (1 — cos 0)k*k* (68)

It follows from k*k = 0 that
Rk =k (69)

15



This means that the vector k is not rotated by the rotation matrix, which is reasonable, as the
vector is along the rotation axis.

Example 1

Suppose that the coordinate frame is selected so that k is along the z axis. Then k, = [0,0,1]7,

100 0 -1 0 ~1 0 0
R,=|0 10 |+snf|1 0 0|+(1—cosf)| 0 —1 0 (70)
00 1 0 0 0 0 0 0

which gives the familiar result

cos@ —sinf O
R, = | sinf cosf 0 (71)
0 0 1

of a rotation about the z axis. O

Example 2

Suppose that the coordinate frame is selected so that k is along the z axis. Then k, = [1,0, O]T,

1 00 0 0 O 0 0 0
R,=|1010|+snf| 0 0 —1 [+(1—cos®)| 0 -1 0 (72)
0 01 01 0 0 0 -1
This gives
10 0
R,= |0 cosf —sinf (73)

| 0 sin@ cos®

which is a is known as a rotation about the z axis. In the same way the rotation matrix

[ cosf® 0 —sind |
R,=| 0 1 0 (74)
| sinf® 0 cosé

is found is the coordinate frame is selected so that & is along the y axis. |

Example 3 An alternative expression is obtained by using k*k* = kk™ — I. Then the
rotation matrix can be written

R = cosOI +sinOk* + (1 — cos O)kk"™ (75)

0
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3.7 Transformation of the rotation matrix

Consider the rotation
P=q+sinbk x ¢+ (1 — cos0)k x (k x §) (76)

of the vector ¢ to the vector p defined by the rotation by an angle § about k. Let the rotation
be described in the a frame. Then the rotation is written p* = R%q®. Then, since p® and
q“ are given in the coordinates of frame «, also k must be expressed in the a frame as the
coordinate vector k®. It follows that

R* =1 +sinf(k*)” + (1 — cos0)(k*)* (k*)* (77)

Next, the rotation is described in a frame ¢ as p© = R°q°. Then k must be described in the ¢
frame, which gives
R =1 +sin0(k)* + (1 —cosO) (k)" (k)™ (78)

The relation between the coordinate forms R® and R is found from
p® = Rip° = RCR°q" = RZRC(R‘CI)Tq“ (79)
which shows that
R* = RURS(RY)" (80)
It is seen that rotation matrix transforms with a similarity transform, as opposed to a vector
that transforms by a matrix multiplication, as in k% = R2k°.

Let the frame b be given so that the rotation matrix R® is the rotation from « to b, that is,
R = R}. Then, if p® = R%q“, it follows that g = p®. This means that the rotation from a
to b is given by the rotation 6 about k“, the rotation matrix is

R} =TI +sinf(k*)* + (1 —cosO)(k*)" (k)" (81)

It is straightforward to verify the k® = k%, which follows from k’ = R2k® = (R¢)Tk® and
(k*)*k® = 0. This means that the expression (81) for R could have been written with k° in
place of k°.

Next, let the frame d be defined so that the rotation matrix R¢ is the rotation from ¢ to d,
that is, R = R. Then, if p¢ = R°q°, it follows that g% = p°. This means the rotation matrix
from ¢ to d is
9=T+sin0(k)* + (1 — cos0) (k)" (k)" (82)
It is seen from (80) that
R} = R°R(R%)" (83)

Note that the two rotation matrices R} and R describes the same physical rotation, which is
a rotation @ about k. The difference between the matrices is that they represent the rotation
in two different coordinate frames.

Example

17



A rotation is described as a rotation by an angle § = /3, which is 60°, about the vertical unit
vector k through the origin. The frame a is defined with a vertical z, axis, so that k is along
zq. The rotation described by (6, E) rotates frame a to a frame b. The rotation axis is given is
the ¢ frame as k* = [0,0,1]T. The rotation matrix from a to frame b is then

cosf —sinf 0
o =T+sinf(k®)* + (1 —cosf)(k*) (k*)* = | sinf cosf 0 (84)
0 0 1

Za A~ Zb

Lq

Figure 7: The rotation (H,E) as a rotation from a to b. Note that this is a simple rotation
about the z, axis described by the rotation matrix R} = R.(0).

A frame c is defined with a vertical z. axis, with the y. axis along the z, axis, and the z, axis
along the y, axis. The rotation matric from a to ¢ is then

010
RC=[0 01 (85)
100

where the columns are the coordinates of the unit vectors of the ¢ frame in the coordinates of
the a frame.

The rotation (6, /;/:) rotates the frame c to the frame d. The rotation axis is given is the ¢ frame
as k= [1,0,0]T. The rotation matrix is then

1 0 0
R =1+sin6(k°)* + (1 —cosb)(k°)“ (k)= | 0 cosf —sind (86)
0 sinf cos@

Note that Rj and R describes the same rotation in two different frame combinations. The
relation between the two rotation matrices is R¢ = RIRS(R%)T. This is verified by the
calculation

01 0 1 0 0 0 0 1 cosfd —sinf 0
0 01 0 cos@ —sind 1 0 0=/ sin@ cosf O
1 00 0 sinf cosél 010 0 0 1



Ye Yd

Figure 8: The rotation (6, /;) as a rotation from c to d. This is a simple rotation about the
z. axis described by the rotation matrix R = R, (). Note that the rotation is given by the
angle-axis parameters (6, lg), which are independent from the coordinate frame the rotation is
described in. The rotation matrices Ry and R are therefore two alternative descriptions of
the same rotation.

A physical interpretation of this would be to consider a rigid body B that is rotated by an
angle 6 about the vector k. Then, if a frame fixed in B is aligned with a before the rotation,
then this frame will be rotated to frame b. In the saine way a frame fixed in B that is aligned
with frame ¢ before the rotation will be rotated to frame d. The rotation of B can then be
described by the rotation from a to b, or by the rotation from ¢ to d. O

3.8 Alternative derivation of the rotation matrix

In robotics textbooks like [16, 17] the rotation matrix Ry (6) of an angle 6 about a unit vector
k is derived by defining a coordinate frame with z axis along the k vector, and then describing
the rotation as a rotation about a z axis. The rotation that is required to bring the z axis
in alignment with the rotation axis k is described as R = R.(a)R, () which is a rotation «
about the z axis followed by a rotation 8 about the rotated y axis. Then the rotation about
k is given by

Ry(0) = RR.(O)R" = R.(a) Ry (8)R.(0)Ry(8)" Ru(c)" (87)

since the rotation matrix transforms with a similarity transformation.

The angles are found by inspection of Figure 9 to be

k, ks

sino =——2%—, cosq = ——o— (88)
\/ K2+ k2 \/ K2+ k2

sinff =/kZ+ k2, cosf=k, (89)
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Figure 9: Rotation by an angle 6 about k.

Then R = R.(a)R,(f) is found to be

[ cosa —sina 0 cosB 0 sinf
R=| sina cosa O 0 1 0 (90)
. 0 0 1 —sinfg 0 cospf
r ok ok
k2+k2 k2+k2 T
kyk: kg
= VR W M (91)
| —/BRE 0k

Then, it is straightforward, but time consuming, to derive that

k‘%(l —¢y) + ¢y kxky(l —cg) — kysg  kok, (1 —cy)+ kysg
Rk(g) = kzk‘y(l - Cg) - /{3259 /{35(1 - Cg) + ¢y k‘ykz(l - Cg) - k$89 (92)
kmkz(l — Cg) — kySQ k‘ykz(l - Cg) + ngSg kg(l - Cg) + ¢y

which can be written
R;(0) = cosOI +sin(0)k* + (1 — cos O)kk* (93)

This the the rotation matrix in the form of (75). It is interesting to note that when the
expression (68) is available, this derivation can be simplified. Instead of transforming the
rotation matrix as in (87), the transformation can be done by transforming the k vector from
being along the 2z axis as [0,0,1]% to R[0,0,1]T = [ky, ky, k.]T.

4 Dyadics
4.1 Introduction

A vector can be described by its coordinate-free form #, which is given as a magnitude and
a direction. The vector can alternatively be given in coordinate vector form as the column
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vector v = [v1,v2,v3]". The coordinate vector form assumes that a coordinate frame has been
defined so that vy, v9, v3 are the coordinates of ¥ in that frame.

In the case of the angle-axis description of a rotation the derivation was done using coordinate-
free vectors, and it was found that the rotation of the vector § to the vector ¢ was given by

7= +sin0k x 5+ (1 — cos0)k x (k x p)

Then, the expression for the rotation matrix was found by converting this equation to coordi-
nate form q% = R%p® where the coordinates of a frame « is used. The coordinate vectors p®
and g“ can be transformed to another frame ¢ by multiplication with the rotation matrix R,
according to p¢ = R.p® and ¢° = R{q". It is interesting to note that also the rotation matrix
can be transformed to frame c by the similarity transformation R = R;R“R, as this gives
g® = R p°. This indicates that the rotation matrix satisfies certain coordinate-free properties
that will be explored in the following.

It turns out that also the rotation matrix has a coordinate-free form. This coordinate-free
form is called a dyadic, and in the following the necessary background for describing rotations
with dyadics will be developed.

4.2 A basic dyadic

A dyadic is a pair of coordinate-free vectors, and the associated operation is the inner product.
To be specific, let @ and b be two vectors. Define the dyadic D = @b, which is a pair of vectors.
Then post-multiplication with a vector ¢ is defined by

D-¢=(ab)-é¢=a(b- (94)
where b - € is a scalar and @(b - ) is a vector. Pre-multiplication with a vector & is defined by

¢-D=¢-(ab) = (¢ @b (95)
which is a vector.

A scalar result is obtained with post-multiplication with a vector ¢ and pre-multiplication with
a vector d according to

—.

d-D-¢=d-(ab)-¢=(d-a)b- o) (96)
4.3 The matrix representation of a dyadic

Let @ be a coordinate-free vector, and let a be an arbitrary coordinate frame with orthogonal
unit vectors @i, ds,ds. The vector 4 can be described in terms of its coordinates in a as

1 = u1d1 + uodo + u3ds

Let w = [u1,us,u3]" be a coordinate vector corresponding to @, and let the matrix D be given
by its elements {d;;}. Suppose that the vector

W= widy + wady + wsds

has a coordinate vector w = [wy, ws, w3]T so that w = Dwu. Note that this will be valid for
any selection of coordinate frame a. This imposes certain conditions on the matrix D.
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The matrix multiplication is given by

wy di1 dia dis Uy
we | = | do1 dz2 dog U
w3 d31 d3z ds3 u3

and it is seen that the components of w are given in summation form as

3
j=1

The coordinate free form is therefore

3 3
W= Y diju;d; (98)
i=1 j=1
Let the dyadic D be given by
3 3
D=>""dyai, (99)
i=1 j=1
Consider
3 3 3 3 3
G=D-ii= >3 dydd; |- (Z ukc_ik> =33 diju;d (100)
i=1 j=1 k=1 i=1 j=1

This shows that the following two operations are equivalent

“=D-i < w=Du (101)

Let z = [21, 22, 23]" be the column vector corresponding to 7. Next consider pre-multiplication
3 3 3 3 3
7= -D= (Z uké'k> AN dyaia; | =0 dijuid; (102)
k=1 =1 j=1 i=1 j=1

Let z = [21, 22, 23]T be the column vector corresponding to Z. Then it follows that 27 = uT D,
which is the same as z = DTwu. This gives

7=D-i & 2z'=4'D (103)
It is noted that the dyadic A = @b has the matrix form A = ab". This is verified by observing
that A-¢ = @(b-¢) corresponds to Ac = a(b'¢), and & A = (&-@)b corresponds to ¢’ A = (cTa)b.

In particular, it is noted that kk corresponds to kk™.
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4.4 Coordinate transformations of a matrix representation of a dyadic

Let the frame a have the orthogonal unit vectors @y, @2, @3, while the frame b has the orthogonal
unit vectors by, ba, bs. The dyadic can be expressed in the g and b frames as
3 3

3 3
D= "N diaid; =Y dybib; (104)

i=1 j=1 i=1 j=1

where dj; are the components in the a frame and dgj are the components in the b frame. The
corresponding matrix representations are

D ={d;}, D"={d} (105)

Consider the equation w = D- i, which is in dyadic form. The corresponding matrix form can
be given in the a and b frames as

w® = D%, w’= D'’ (106)
where w® = gwb and u® = R;}ub. It follows that
w?® = R¢D’u’ = R¢D R u® (107)

and it is concluded that the matrix representation of the dyadic D transforms according to
D" = R!DPR? (108)

Note that the coordinate vectors transform by matrix multiplication, while the matrix repre-
sentation transforms with a similarity transform.

4.5 The skew-symmetric dyadic

The skew-symmetric dyadic of a vector ¥ = v1dy + veds + v3ds is defined by
=X

vo= —1)36152 + ’()251673 + ’Ugc_fgc_il - Ulc_izc_ig, — v26351 + 1)16352 (109)

It follows that
W=TXU=0" -1 (110)

for an arbitrary vector 4. It is seen that the matrix form of ¥ is the skew-symmetric matrix
v*, which gives the corresponding matrix form

w=v"u (111)

In the two frames a and b this is written w® = (v%)*u® and w® = (v®)*u’. The coordinate
transformation for the skew-symmetric matrix is therefore

(v%) = Rj(v") Ry (112)

Moreover, note that (Rfv®)* = R¢(v’)* RS.
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4.6 The triple vector product

The triple vector product can be written in dyadic form as
ax(bxd=a-b*-¢

This can be combined with

to get the result

- -,

i

a* b =ba— (@ b (113)
In particular, it is noted that for a unit vector E,
Bk =kk—1T (114)

Example

Comnsider the calculation

(6x5>-<€><ci>:<EL’-5X>-<6’X-J>:6-<5X-€X)-cf (115)

This can be further developed as
(ax5>-<5xd>=a-(5z}’—5-5)-ci (116)
4.7 Quadratic forms

The kinetic energy due to the rotation of a rigid body is the quadratic form
1 - 1
K=36-M &= ngMw (117)

The inertia dyadic and the inertial matrix are related by

3 3
M = Z Zmijaiaja M = {mm} (118)
i=1 j=1
where ¢ is an arbitrary frame with orthogonal unit vectors d, do,ds. The angular velocity is
given by & = wyd) +wad2 +wsds with coordinate form w = [wy, wo, wg]T. The coordinate frame
a is often selected as a frame that is fixed in the rigid body. In this case the inertia dyadic M
and the inertia matrix M are constant.

In the calculation of the inertial dyadic, the expression

K:/(J;xf)-(cfjxf)dm (119)
B
occurs. This can be developed using
BxP) - (@BxF)=—(@x7) (Fx&)=-& (-7) - (120)
or alternatively as
(&xf)-(&xf’):(F-Ff—Ff)-& (121)
Then the kinetic energy can be found from the well-known formula
1 - 1 >
K:w-M-@:w-/(F-FI—FF)dm-w (122)
2 27 I
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4.8 The identity dyadic

The identity dyadic is defined by

T

SO Sijdisiy = d@rdy + oty + Gads (123)

[ i=d-I=1 (124)
The matrix expression is Iu = u. Moreover,

I[-D=D-T=D (125)
for any dyadic D. The corresponding matrix formulation is ID = DI = D.

4.9 The rotation dyadic

Consider the rotation from an arbitrary frame a with orthogonal unit vectors di,ds, ds to a
frame b with orthogonal unit vectors b1, be, b3. Consider the dyadic given by

R = b1d@) + bydiy + bsdis (126)

Insertion of
dy = by (dy - by) + bo(d@y - ba) + bs(ay - bs)

and the corresponding expressions for ds and ds gives

R =b1b1 (@1 - by) + b1ba(@y - bo) + bibs(a@y - bs) + . .. (127)
which gives
3 3 oL
R=Y" (@ -bj)bib; (128)
i=1 j=1

The matrix representation of the dyadic R in the coordinates of b is therefore
R’ ={d; b;} = R} (129)
which is the rotation matrix from @ to b. It follows that F is the rotation dyadic from a to b.

This is supported by calculating

R-§ = (b1@1 + body + b3di) - (p1d@1 + padia + p3ds) = p1by + paba + p3bs (130)
which shows that if
P = p1d1 + p2ds + ps3as (131)
then §= R - 7 will be
G = p1b1 + p2ba + p3bs (132)

This means that the coordinates of ¢ = R P in b are equal to the coordinates of p'in a. This is
consistent with the active form of the rotation matrix, where a vector g* given by q* = R} p®
will satisfy ¢® = p°.
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4.10 The rotation dyadic in terms of the angle and axis parameters

The simple rotation of a vector p’ to a vector ¢ by an angle 6 about a fixed unit vector k can
be written

-

7= +sin0k* + (1 —cos)k* -k*)-g=R-p (133)
where . L
R=1+sinbk™ + (1 —cos@)k™ - k~ (134)
is the rotation dyadic.

The coordinate form in an arbitrary frame ¢ is ¢ = R*p®, where the R® is the matrix form
R in frame a, which is

R® = I +sin0(k%)* + (1 — cos 0) (k%) (k)* (135)

This means that the rotation matrix is a matrix representation of the rotation dyadic.

It follows that the rotation matrix transforms between different coordinate systems with a
similarity transform. The rotation matrix R® is therefore transformed to a frame ¢ with the
similarity transform

R°=R,;R"R} (136)
This agrees with
R =1T1+sin@(k°)” + (1 — cos0) (k)" (k%)™ (137)
and the transformation rule
(k)" = R,(k")" Ry (138)

for the skew-symmetric matrix.

It follows that the rotation of the vector p to ¢ can be described in terms of either of the
following equivalent expressions

—

§=R-p & q"=RPp" & q°=RD° (139)

5 Euler angles
5.1 ZYZ Euler angles

In many applications the rotation matrix is described in terms of 3 Euler angles. This is a
sequence of 3 simple rotations about the coordinate axes. Different Euler angle combinations
can be obtained depending on the ordering of the rotations.

A common Euler angle convention is to represent a rotation matrix as

Rzvz = R.(¢)Ry(0)R.() (140)

Then the rotation R% = Ryyy from frame 1 to 2 is described as a sequence of rotations where
the first rotation is from frame 1 to frame 1’, and is described by an angle ¢ about the z; axis.
The next rotation is from frame 1’ to 1” about the current y axis, which is the yy, axis. The
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last rotation is from frame 1” to frame 2 described by an angle 1) about the current z axis,
which is the zy» axis. The resulting rotation matrix is

CHCOCH — SipSp  —CpChsSp — SpCh  CypSy
Ryzyyz = | sycocy + CpSy  —54CoS — CypChp  SySg (141)
—50Cg 505¢ cy

Note that the rotations are done about the current rotated axes, and that the sequence of the
rotation matrices in the expression (140) is the same as the sequence of the rotations.

Let the elements be denoted Ryzyy = {r;;}. Then, if it is assumed that sy > 0, the first angle
can be computed as ) = Atan2(rg3,713). It is necessary that ro3 and r13 are not both equal to
zero, as Atan2(0,0) is undefined. This will only occur when sy = 0, which means that there is
no unique solution as the rotations ¢ and ¢ are about the same axis. The corresponding angle
6 is then computed as 6 = Atan2(y/r?; + r35,733), and ¢ = Atan2(roz, —r31).

To include the possibility that sg < 0 a logical value F' can be used, where F' = 1 when sy > 0

and F' = —1 when sy < 0. Then a consistent solution is found with
’lﬂ :Atan2(F7"23, F’I"lg) (142)
0 =Atan2(F\/r?; + r2;.r33) (143)
¢ :AtaDQ(F'ng, —F’f‘31) (144)

The second angle can alternatively be computed from 6 = Atan2(Fy/1 — 25, 733).
Example

% Calculation of rotation matrix from ZYZ Euler angles,
% and calculation of Euler angles from the rotation matrix.

27



% Input Euler angles

psi = 0.3; theta = 0.2; phi = 0.1;
% Calculate rotation matrix

R1 = AngleAxis2R(psi, [0;0;1]);

R2 = AngleAxis2R(theta, [0;1;0]);

R3 = AngleAxis2R(phi, [0;0;1]1);

R = R1%R2%*R3

% Calculate Euler angles from rotation matrix
F = 1; % Select solution with F =1 or F = -1
a = atan2(F*R(2,3),F*R(1,3))

b = atan2(F*sqrt(R(1,3)"2+R(2,3)"2),R(3,3))

¢ = atan2(F*R(3,2),-F*R(3,1))

% Test is solution is correct
R1 = AngleAxis2R(a, [0;0;1]);

R2 = AngleAxis2R(b, [0;1;0]);
R3 = AngleAxis2R(c, [0;0;1]);
Rt = R1*R2%R3;

DeltaR = Rt-R 7 Zero matrix expected
T to o Toto o To o oo

function R = AngleAxis2R(theta, k)

k = k/norm(k) ;

kskew = [0 -k(3) k(2) ; k(3) 0 -k(1); -k(2) k(1) 0];

R = cos(theta) * eye(3) + sin(theta)*kskew + (1-cos(theta))x*kxk’;

5.2 Roll-pitch-yaw Euler angles

An alternative Euler angle convention is given by the roll-pitch-yaw angles as

Rzyx = R, (V) Ry (0) Ry () (145)

In this case, the rotation R} = Ryyx is a yaw angle 1) about the 21 axis, followed by a pitch
angle 6 about the yy/ axis, and finally a roll angle ¢ about the zy» axis. The resulting rotation
matrix is
CypChp  CySPSyp — SyCp CypSPCe + SyS¢p
Ryvx = SypCo  SySeSe + CyCy  SypSeCe — CypSe (146)
—50 cps4 CoCep

Let the elements of the rotation matrix be given as Rzyx = {rij}. Define the variable E so
that £ = 1 when ¢y > 0, and £ = —1 when ¢y < 0. Then the first angle can be computed
as ¢ = Atan2(FEryr, Ery1). It is necessary that r91 and r1; are not both equal to zero, as
Atan2(0,0) is undefined. This will only occur when ¢y = 0, which means that there is no
unique solution as the rotations 1 and ¢ are about the same axis. The corresponding angle 0
is then computed as 6 = Atan2(—rs1, E+\/13, + 135), and ¢ = Atan2(Ersy, Erss).
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To sum up, the two possible solutions are

P :Atan2(Er21, E’r’u) (147)
6 =Atan2(—rg1, E\/13, + 13;3) (148)
QZS :Atan2(ET32, E’I”33) (149)
where F is selected as E =1 or F = —1 to give the desired solution. It is note that the second

angle can alternatively be computed from 6 = Atan2(—rs1, Ey/1 —r3;), which is consistent
with 2, + 12, + r3; = 1, which follows from the orthogonality of the rotation matrix.

5.3 FEuler angles about fixed axes

In this section a rotation R from frame 1 to 2 is described by Euler angles, where the rotations
are about fixed axes, as opposed to rotations about current axes, as presented above. A
sequence XYZ will be considered where the first rotation is a rotation ¢ about the z; axis,
the a rotation 8 about the y; axis, and finally a rotation v about the z; axis. After the first
rotation, the frame 1 has been rotated to frame 1’ by R,(¢). The next rotation R, (0) about
the y; axis must then be transformed to the coordinates of the 1’ frame. A vector would
transform by v = RY'v! = R,(¢)Tv! while a rotation matrix is transformed from 1 to 1’ by
R, (¢)"Ry(6)R,;(¢). The last rotation must be transformed to the coordinates of frame 17,
which is done with R, (¢)T R, (0)T R, (¢) R, (0) R, (¢). The resulting rotation matrix is

Rxy7 fixed = Rao(9)[Ra(9)" Ry(0) Ry ()] [Ra(9) Ry(0)" R.. (1)) Ry(0) Ro ()] (150)

Straightforward cancellations of the type R, (¢)R.(¢)T = I and R, (0)R,(0)T = I lead to the
result

Rxv7 fixed = R (1) Ry(0) Ry () (151)
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It is seen that Rxvy fixea = R7zvx. This means that the rotation matrix for a sequence of Euler
angles about fixed axes is the same as the rotation matrix for same Euler angles about current
axes where the rotations are done in the reverse sequence.

5.4 ISO Euler angles

The ISO 9787 standard for robots and robotic devices describes a rotation Rigo = R% from
frame 1 to 2 by Euler angles about axes of rotation that are fixed in frame 1. The standard
specifies that there a rotation A about the z1 axis, a rotation B about the y; axis, and a rotation
C about the z; axis. The explicit sequence of rotations is not specified in the standard, and
must be selected as the Euler angles do not commute. It is reasonable to select the sequence
in alphabetical order as first a rotation A about x1, then B about the fixed y; axis, and finally
C about the fixed z; axis. The resulting rotation matrix is

Riso = R.(C)R,(B)R,(A) (152)

where the sequence of the rotation matrices is the opposite of the sequence of rotations, since
the rotations are about fixed axes.

5.5 KUKA Euler angles

The robot controllers of KUKA use rotations about current axes. The sequence is first a
rotation A about the z axis, then a rotation B about the current y axis, and finally a rotation
C about the current rotated z axis. The resulting rotation matrix is

Rxuka = R.(A)Ry(B)R,(C) (153)

6 Forward kinematics
6.1 Introduction

A typical industrial robot will have a manipulator where there are n links that are connected
with joints in a serial arrangement so that the link ¢ — 1 is connected with link ¢ with joint
1. The fixed base is denoted as link 0, and is connected with joint 1 to link 1. The final link
is the hand or end effector, which is link n. Each joint has one degree of freedom, which can
be a rotation or a translation. This means that a joint will either be a rotational joint with
a rotation about the joint axis, or a it can be a prismatic joint with a translation along the
joint axis. The manipulator will then have n joint variables, with one joint variable for each
joint. The joint variable will be an angle for a rotational joint, and a translation for a prismatic
joint. The position and orientation of the robot hand, which is also called the end effector,
will depend on the joint variables.

The position and orientation of the end effector relative to the base can be described with a
homogeneous transformation matrix, which will be presented in the following. The computa-
tion of the position and orientation of the end effector given the joint variables is called the
forward kinematics problem. In the following the forward kinematic problem will be discussed,
and the necessary tools and methods will be introduced and explained.
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6.2 Homogeneous transformation matrices

In previous sections the rotation matrix has been introduced to describe the orientation of a
coordinate frame with respect to some other frame. In addition it is necessary to describe the
translational position of a coordinate frame relative to another frame. To do this the concept
of a homogeneous transformation matriz is introduced. This is a matrix that describes the
displacement of a coordinate frame with respect to a reference frame in terms of the difference
in position and orientation between the two frames.

Consider a frame a and a frame b, and let R} be the rotation matrix from a to b, while
r¢, is the position in a coordinates of the origin of frame b relative to the origin of frame a.
Then the position and orientation of frame b relative to frame a is given by the homogeneous
transformation matrix
Ra ,r.a
T) = [ OTb i‘b ] € SE(3) (154)

which is also called the displacement from a to b.
Here the set SE(3) is the Special Euclidean Group of dimension 3 defined by

R r

swo - frir=[ B T

] , Re SO(3), re R3} (155)

The inverse of T}* is found by matrix inversion to be
a\T a\T a b b
(T) " = [ (R;bT) (Rbl) Tab ] - [ e T ] — T (156)
This means that
(T) " =1y (157)

It is seen that the inverse of the displacement from ¢ to b in terms of the homogeneous
transformation matrix T} is T£7 which is the displacement from b to a.

The displacement from a to ¢ can be described as a composite displacement

T® = TAT? (158)
where a displacement from a to b is followed by a displacement from b to ¢. This is seen from
[ R o R ¢!
b
nT = _011Z fbHoTc fc]

— [ RgRg r((;b + Rl()lrl?c

— | of 1

_ [ Ry ri

—ol ot 1

= T? (159)

It is straightforward to extend this result to
T} = T{T Ty (160)

and so on.
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6.3 The homogeneous transformation matrix of a simple rotation

The homogeneous transformation matrix describing a simple rotation by an angle 8 about a
fixed axis k is given by
f) 0
Roty(0) = R’“& ) (161)
0 1
where Ry (0) = I + sinfk™ + (1 — cos0)k™ k™ is the rotation matrix of the simple rotation.
Simple rotations about the z and z axes are described by the homogeneous transformation
matrices

10 0 0 co —sp 00
. 0 Cop —S¢ 0 . S Cy 00
Roto(d)=| o s, ¢ o B=WI=]0 1 00
00 0 1 0 0 01

where z = [1,0,0]" and z = [0,0, 1]T.
6.4 The homogeneous transformation matrix of a translation

A displacement which is a translation about a fixed axis will be a displacement with no rotation.
The resulting homogeneous transformation matrix is written

I hk
o 1
Translations along the x and z axes will be described by the homogeneous transformation
matrices

Transy(h) = [ (162)

1 00 a 1 000
01 00 01 00
Trans,(a) = 0010l Trans,(d) = 00 1 d
0 0 01 0 0 01
It is straightforward to verify that
Transg(h)Roty(0) = Roty(0) Trans(h) (163)

which follows from Ry(0)k = k. This rotation about a fixed axis and translation along the
same axis will commute.

6.5 The displacement of the end effector

The displacement of the end effector relative to the base is described with a homogeneous
transformation matrix which is a composite displacement of the n displacements of the ma-
nipulator joints. The fixed base frame is denoted as frame 0. Then frame 1 is fixed in link 1,
frame 2 is fixed in link 2 and so on up to frame n which is fixed in the final link, which is link
n. The displacement of frame 7 relative to frame 7 — 1 is denoted Tf_l fori=1,...,n, where
Tii*1 is called the link displacement. The end effector displacement is given by the composite
displacement

) =TT} ... T" ! (164)
This means that is the link displacements are available, the end effector displacement can be
computed by simply multiplying the link displacements. In thye next section it will be shown
how this can be done.
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6.6 The Denavit-Hartenberg convention

The Denavit-Hartenberg convection is based on the article [4], and is standard material in
robotics textbooks like [17, 16]. The convention is based on describing a homogeneous trans-
formation as a composite displacement of 4 homogeneous transformation matrices, starting
with a rotation 6 about the z axis and then a translation d along the same axis. This is
followed by a rotation « about the x axis followed by a translation a along the same axis. This
gives a homogeneous transformation matrix that is described in terms of the 4 parameters 6,
d, a and a, which are called the Denavit-Hartenberg parameters of the displacement. The
resulting displacement is given by

T/~ = Rot. (0;) Trans, (d;)Rot,(0;) Trans,(a;) (165)

The rotation and translation about the z axis gives the composite displacement

sg, co, 0 0
Rot,(6;)Trans,(d;) = g g L d (166)
0 0 0 1
The rotation and translation about the z axis gives the composite displacement
1 0 0 a;
Rot, () Trans,(a;) = | 0 Co S 0 (167)
z\ g z\Ug 0 Sa Ca, 0
0 0 0 1
This gives the result
€o; —30;Ca;  50;5a;  @iCy;
i—1 Sai Ceicai _Caisai aisai .
T = 0 Sa; Ca; d; (168)
0 0 0 1

According to the convention, the z; axis is assigned to the joint axis. This means that if joint
1 is a rotational joint, then the joint variable is the angle 6;, which is the rotation angle about
the z; axis. If joint ¢ is a prismatic joint, then the joint variable is d;, which is the translation
along the z; axis.

6.7 Computation of the forward kinematics

The forward kinematics of a manipulator is given by its Denavit-Hartenberg parameters. These
parameters are typically presented in the form

Link a; o d; 0Oy

1 a1 a1 d 1 0 1
ay az dy 0
a3 a3z dz 03
ay oaq dy O
as a5 ds O
ag o dg O

SO W N
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where it is assumed that the manipulator has 6 joints. Thehnkdﬁpkﬂﬁnwnti?_lﬁﬁeadlhnk
is then found from (168), and the end effector displacement is found from T? = T7 ... T?~1.
Example

% Script for calculation of the end effector displacement

% for the URb robot with 6 rotational joints

% from the DH parameters and the joint angles.

dh = zeros(6,4); % Declaration of dh as matrix of dimension 6x4

% Denavit-Hartenberg parameters [a alpha d thetal] of UR5 robot

dh(1,:) = [ 0 pi/2 0.0892 0 1;
dh(2,:) = [-0.425 0 0 0 1;
dh(3,:) = [-0.39243 0 0 0 1;
dh(4,:) = [ 0 pi/2 0.109 0 1;
dh(5,:) = [ 0 -pi/2  0.093 0 1;
dh(6,:) = [ 0 0 0.082 0 1;

gh =[0 -pi/2 -pi/2 -pi/2 pi/2 0]’; % Home position

q = gh; % Set joint variables to home position
dhf = dh; % Intermediate variable for calculation
dhf(:,4) = dhf(:,4) + q(:); % Add joint variable to the DH vectors

% Link displacements

TO1 = LinkDH2T (dhf(1,:));
T12 = LinkDH2T (dhf(2,:));
T23 = LinkDH2T (dhf(3,:));
T34 = LinkDH2T (dhf(4,:));
T45 = LinkDH2T (dhf(5,:));
T56 = LinkDH2T (dhf(6,:));

% Displaments of intermediate frames
T02 = TO1 * T12;
TO3 = T02 * T23;
TO4 = TO3 * T34;
TO5 = T04 * T45;

% End effector displacement
TO6 = TO5 * TH6

Yoo TotoTo oo To oo o ToTo o ol To 1o To o o
function T = LinkDH2T(dh)

% Function for calculating the link displacement from the DH parameters
% dh = [a alpha d thetal
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xv = [1;0;0]; zv=[0;0;1]; r4 = [0 O O 1];

T = AngleAxis2T(zv,dh(4)) * [eye(3) dh(3)*zv; r4]...
* AngleAxis2T(xv,dh(2)) * [eye(3) dh(1)*xv; r4];

Dot to ot oo ot to fodo oo to ot oo

function T = AngleAxis2T(r, theta)
% The homogeneous trasformation matrix of a rotation theta about r

r = r/norm(r);
S=L[0 -r(3 r(2); r(3) 0 -r(1);-r(2) r(1) 0 1;
R = cos(theta) * eye(3) + sin(theta)*S + (l-cos(theta))*r*r’;
T = [R [0;0;0];
000 1];
end

Do lotoToto o To o Toto foTo o ToTo ot o Jo o
7 Quaternions
7.1 Quaternions and Euler parameters

The Euler parameters were introduced by Leonard Euler in 1770. The Euler parameters offer
a re-parametrization of the angle-axis parameters with the advantage that the rotation matrix
can be written in terms of rational expressions in the Euler parameters. This is an advantage
compared to the use of angle-axis parameters where trigonometric expressions are required in
the rotation matrix. The Euler parameters describe the rotation matrix with 4 parameters,
and the description has no singularities. A further advantage is that the Fuler parameters
have kinematic differential equations that are well suited for numerical integration used in 3D
computer graphics and in control systems. Moreover, Euler parameters are well suited for
stability analysis of rotational motion. Kinematics and dynamics related to quaternions in
robotics is discussed in [3]. The textbooks [6] and the survey [15] are good sources for the
description of rotation in terms of quaternions.

In the following it will be shown that the Fuler parameters can be described as unit quaternions
in the quaternion formalism introduced by Hamilton in 1843 where a quaternion is a a complex
number with one real part and three imaginary parts, while the Euler parameters are described
with a scalar and a three-dimensional vector.

The Euler parameters are defined in terms of the angle-axis parameters 6 and E, and are given
by the scalar n and the vector € defined by

0 - 0
1= cos 5, €':ksm§ (169)
In coordinate form this is written
4 ks (170)
= Cos — € = ksin—
K 2’ 2
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We note that

0 0
7}2+€’~E’:172+6Te:cos2§+sin2§:1 (171)

Insertion of the trigonometric identities

0 0

sinf = 2sin§cos§ (172)
0 0 0 0

cos = cos2§—sin2§:200525—1:1—231n2§ (173)

into Ry,(0) = cos I +sin Ok + (1 —cos §)kk™ makes it possible to express the rotation matrix
Ry in terms of the Euler parameters Ry g = R.(1), €), where

R.(n,€) = (1 — € e)I +2ne* + 2ee* (174)
= (29® — D)I + 2ne + 2e€’ (175)
= (1 —2€"e)I + 2ne* + 2ee’ (176)

where the different expressions are obtained by using the three alternative expressions in (173).

The alternative form
R.(n,€) = I+ 2ne* +2e*€” (177)

is found from the expression Ry (f) = I + sinfk™ + (1 — cos0)k™ k™.

A given rotation will correspond to two sets of Euler parameters (n,¢) and (—7n, —e) with
opposite signs as
R.(—7,—€) = R.(n;€) (178)

The inverse of R.(1,€) given by
Re(nv G)T = Re(nv _E) (179)
corresponds to the Euler parameters (1, —¢).

From (176) and (171) we note that

TraceR = 3(n> —€'€) + 2e'e = 47> — 1 (180)

7.2 Euler parameters from the rotation matrix

The problem to be solved in this section is how to find the FEuler parameters 7, € when the
rotation matrix R = {r;;} is given. This is done using Shepperd’s method, which was presented
in [14].

The rotation matrix is given in terms of the Euler parameters by (176):

P +el—es—e3  2(erea —1e3) 2(e1e3 + ne2)
R=R.(n,¢) = 2erea+mes) mP—€l+e3—e;  2(eze3 —ner) (181)
2(e1e3 — nea) 2eaes+ne1) nNP-d—6+6
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In addition, n?+€2+e3+€3 = 1. The following notation is introduced to simplify the algorithms:

20 Ui
ao| 2| 2a] @ (182)
z9 €9
z3 €3
T :=1r11 + 19+ r33 = TraceR (183)
and
To0 ‘= T (184)
This gives the symmetric set of equations
22 = 142rg—T (185)
22 = 142r —T (186)
22 = 142ryp—T (187)
22 = 142r33—T (188)

that appear from the diagonal elements of R, while the off-diagonal terms give the equations

2021 = T32 — T23 2223 = T32 +T23 (189)
20%2 = T13 — T31 2321 =113 + 731 (190)
2023 = 21 — 712 Z122 =T91 + T12 (191)
The algorithm is as follows:
1. Find the largest element in {rog, 711,722, 733}. This element is denoted r;;.
2. Compute
lzil = V1 +2r =T (192)

3. Determine the sign of z; from some criterion, like continuity of solution, or n > 0.

4. Find the remaining z; from the three equations out of (189-191) that have as the left side
zjz; for all j # i. For example, if 29 was found under step 2 and 3, then the remaining
zj are found from

z1 (r32 — re3) /20 (193)
2o = (ri3—rm31)/%0 (194)
z3 = (ro1 —r12)/%0 (195)

5. Compute = 2¢/2 and ¢; = z;/2.

Note that this algorithm avoids division by zero as the division is done with the z; that has
the largest absolute value.

function [eta, eps] = ShepperdR2q (R)
% Quaternion from rotation matrix using Shepperd’s algorithm,
% which is stable, does not lose significant precision and uses only one sqrt.
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% J. Guidance and Control, 1 (1978) 223-224.

z00
zl11
z22
z33

%Find a

end

if z

else

else

else

end

eta
eps

= R(1,1) + R(2,2) + R(3,3); % Trace of R
= R(1,1) + R(1,1) - z00;
= R(2,2) + R(2,2) - z00;
= R(3,3) + R(3,3) - z00;

large zii to avoid division by zero

00 >= 0.5
w = sqrt(1.0 + z00);
wIinv = 1.0/w;

x = (R(3,2) - R(2,3))*wInv;
y = (R(1,3) - R(3,1))*wlInv;
z = (R(2,1) - R(1,2))*wInv;
if z11 >= 0.5

x = sqrt(1.0 + zl11);
xInv = 1.0/x;

w = (R(3,2) - R(2,3))*xInv;
y = (R(2,1) + R(1,2))*xInv;
z = (R(3,1) + R(1,3))*xInv;
if z22 >= 0.5

y = sqrt(1.0 + z22);
yInv = 1.0/y;

w = (R(1,3) - R(3,1))*yInv;
x = (R(2,1) + R(1,2))*yInv;
z = (R(3,2) + R(2,3))*yInv;
z = sqrt (1.0 + z33);

zInv = 1.0/z;

(R(2,1) - R(1,2))*zInv;
(R(3,1) + R(1,3))*zInv;
(R(3,2) + R(2,3))*zInv;

W

X
y

= 0.5%w;

bx[x; y; zl;

I
o

7.3 The Euler rotation vector

The Euler rotation vector

e =ksind
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is defined from the angle-axis parameters (k, ). From (68) it is seen that the rotation matrix
R; 9 and its transpose RE ¢ are given by

Rip = I+e +(1—cosO)k*k™ (197)
Ry = I—e*+(1—cosO)k*k" (198)

which implies that
e* = % (R — RiLy) (199)

From this we see that if Ry = {r;;}, then the Euler rotation vector can be found from

rsg —T
1 32 23

€ — 5 13 —T31 (200)
T21 — T12
We note that if Ry 9 = Ry, then
e=e"=¢" (201)

as Ry ok = k.
In robot control the desired orientation of the robot hand may be specified to be
R, = [ ng 84 Gy ] € SO(3) (202)
Suppose that the actual orientation of the robot hand is
R=[n s a]€SO3) (203)

where n is the normal vector, s is the slide vector and a is the approach vector of the hand.
Then the deviation of R from Ry is given by the rotation matrix R = {7;;} which is defined
by

R:=RR] = R=RR, (204)

The component form of this equation is
fij = Nning; + Sisqj + aiaq; (205)

If an angle-axis parameters of R are (E, é) and € = ksinf is the associated Euler rotation

vector, then (200) gives

N 1 [ 7?32 - 7?23
e = 5 t13 - 7:31
| 721 — T12

1 [ nasnaz —nanas 1 [ s88d2 — s25a3 1 | esad2 — azaas

= 5 | ™7z T m3nal + 5 | 51843 — S3san + 5 | @1@d3 — a3aar

| T2Ng1 — N1Ng2 52841 — S1842 a2G41 — 1042

Using the definition of the vector cross product the Euler rotation vector € corresponding to
the deviation R can be written

~ 1
ezi(n§n+s§s—|—a§a) (206)
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This expression is widely used, although the simpler solution
1| 73272
€ — 5 7;13 — fgl (207)
To1 — 712
can be obtained from (200).

7.4 Quaternions as complex numbers

Hamilton introduced the quaternion on October 16, 1843 [20] as a complex number with one
real part and three imaginary parts. This can be written

q=qs+qii +qJj+ gk

where the ¢s, q1, g2 and g3 are rela scalar, and 4, 7 and £ are complex units that satisfy the
conditions

Multiplication with a scalar v gives

vq =v(qs + 1t + q2j + q3k) = vgs + yqui + yg2) + ygzk

Let two quaternions be given by ¢ = gs + q1% + q27 + g3k and p = ps +p11 +p2j +psk. The the
addition is done component-wise as

q+p=qs +ps+ (g +p1)i + (g2 +p2)j + (g3 +p3)k

while the multiplication of the two quaternions gives

(gs + qui + q2J + g3k)(ps + p1i + p2j + p3k) (208)
dsPs — Q1P1 — 2P2 — 43P3 (209)
+ (gsp1 + Psq1 + q2p3 — q3p2)i (210)
+ (gsp2 + Psq1 + g3p1 — q1p3)J (211)
+ (qsp3 + Psq1 + @102 — G2p1)k (212)

qap =

The conjugate of a quaternion is
q=qs —iq1 — jq2 — kg3

This gives
W=q+¢+6+a (213)

The magnitude ||q|| is defined as
lall” = qq

40



7.5 Quaternions in the form of a scalar and a vector

A convenient description is to let a quaternion be the sum of a scalar o and a column vector
B, and then impose rules of calculation that are consistent with the rules of calculation for the
complex formulation of the quaternions. Then a quaternion is written

g=a+p (214)

where the scalar is the real part and the coefficients of the complex parts are contained in the
vector.

The rules of calculation are then as follows. Given two quaternions q; = o1 + 81 and g2 =
o + B9, addition is given by

Q+q@=a+az+ P+ P (215)
Multiplication with a scalar ~y gives
¥qg =va+B (216)
while the quaternion product is written
q10g2 = (a2 — B Ba2) + (@182 + a2B1 + B1 X Bo) (217)

It is straightforward to verify that this is consistent with the quaternion product (208) in the
complex formulation.

The conjugate quaternion is given by

g=a—p (218)
so that

gog=a’+8"8 (219)
The identity element is q;; = 1 so that

4°Gid=qid°q=q (220)

The magnitude ||g|| of a quaternion satisfies
lgl* =geogq=0a’*+B"8 (221)

The inverse g~ ! of a quaternion q is defined by

g log=qoqt=gu=1 (222)

It follows that

4 q  a—-p
T Tgeq a@1pB (225)

The conjugate of the quaternion product is

Goq@ = (a1as — BT B2) — (1B + P+ B x B2) =G0 i (224)
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The commutator of two quaternions is given by

gioq2—q20q1 =281 X 32 (225)

as the cross product term is the only term that changes sign when the order of the factors in
the quaternion product changes.

It is noted that the anti-commutator is
q10q2+q20q = 2(02 + By - B2) (226)

7.6  Vectors as quaternions

A vector v can be regarded as a quaternion with zero scalar part. The quaternion product of
two vectors v, and v is
V1 0V9 = —V] - Vg + V1 X U (227)

The conjugate of a vector is ¥ = —wv. The quaternion magnitude of a vector v is consistent
with the vector magnitude, which is seen from

|[v}| =vov=—vov=v-v (228)

7.7 Unit quaternions

A unit quaternion is s quaternion with magnitude 1. A unit quaternion ¢ = «+ 8 and satisfies

lgl* =gog=0c’+p"B=1 (229)
A unit quaternion ¢ = o + B can always be described in terms of the FEuler parameters o =7
and 8 = as

0 0
q:n+€:cos§+ksin§ (230)

where k is a unit vector. This is obviously a unit quaternion as 7% + €'e = 1.

The sum of two unit quaternions will in general not be a unit quaternion, and the multiplication
of a unit quaternion with a scalar will in general not be a unit quaternion.

The identity quaternion q;4 = 1 is a unit quaternion, and the conjugate quaternion g =1n — €
is a unit quaternion. Moreover, since the magnitude is unity, the inverse of a unit quaternion

is the conjugate, so that g~ = g, and
goq=qgoq=gqj=1 (231)
The quaternion product
49=q1°qg2=mmn2— 61T€2 + €z + 1261 + €] €2 (232)
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of two unit quaternions g; = 11 + €1 and g2 = 15 + €5 is a unit quaternion, which is seen from

q10q2 =(mn2 — €] €2)* + (€2 + €1 + €] €2) T (m€a + 1061 + €] €2)

=115 — 2mpe] €2 + (€] €2)° + n7€; €2 + 2mipe] €2+ N3€l €1 — €5 € €] €3
=nin; + (el €2)” +ies €2 + b€l €1 — €5 (e1€] — €l €r)er

=n; + 17 € €2 + €] €1 + €; €2€] €1

=(ni + €l €1)(1 + €3 &)

=1 (233)

It is noted that if the unit quaternion is represented by a 4-dimensional vector, then

quz[”r["]zn%e%:l (234

€ €

7.8 Rotation of a vector using a quaternion

Consider a rotation matrix R = I +sin 6k + (1 —cos#)k*k*, which corresponds to a rotation
# about the unit vector k. Let g=n+€ = Cosg +k sing be the unit quaternion defined with
the same axis k and angle 6. Then, according to (177), the rotation matrix can be written

R =1+ 2€e* + 2€*€* (235)

The rotation of a vector v by the rotation matrix R € SO(3) is given by Rv. An important
result is that this rotation can be described in terms of the quaternion with the expression

govoqg=Rv (236)

This is often referred to as a sandwich product. With some patience, this can be verified by
the calculation

govoqg=(n+e€)ovo(n—e) (237)
=(—€lv +nv + e v)o(n—e) (238)

= —nelv +nule+ (eXv)le (239)

e’ v + nv +netv + nelv + €€ v (240)
—(eel + n’T + 2ne” + €*e*)v (241)

where it is used that —(e*v)*e = € (eXv) = €*€*v and €' ve = e’ v. The scalar part of the

expression is zero since € v = v' e and €*v is orthogonal to €. The vector part is simplified

using €*e* = ee’ — €Tel and n? + €'e = 1, which gives e’ = €*e* + I — n?I. This gives

govogq=(I+2ne* +2e € )v =Rv (242)
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7.9 Composite rotations in terms of quaternions

A composite rotation
R=R Ry (243)

can then be described with the quaternion
9=4q1°Qq (244)
where g1 = 11 + €1 corresponds to R; and g2 = 15 + €2 corresponds to Ry. This is seen from
govog=gqio(gzovog)oq=qio(Rw)oq = RiRyv (245)
Here it is used that g =q1 o g2 = @2 0 qi.
7.10 Deviation in rotation

In this section the description of a deviation in rotation will be described in terms of quater-
nions. Suppose that a desired rotation from a spatial frame s to a body frame b is represented
by the quaternion g4z = 14+ €4, while the actual rotation is given by a quaternion ¢ = n+e€. The
deviation between the two rotations can be related to the body frame by the error quaternion
qy, = mp + € according to

ga=4qoq, whereg, =gogqy (246)

Then
ay =(1Nqa+€q)o(n—€) =nqn+€q-€—1nge+1n€E— €5 X € (247)

Alternatively, the deviation can be related to spatial frame by the error quaternion g, according
to

gi=4gscq whereqg; =g 0q (248)

7.11 Normalization of unit quaternions

In numerical computations of a unit quaternion it may happen that the computed quaternion
p is not a unit quaternion, that is, the condition p o p = 1 does not hold. In that case the
computed quaternion can be normalized by

p

= m (249)

q

where ||p|| = /p o p, which will ensure the condition go g = 1. This can be used in numerical
solution of differential equations involving unit quaternions.
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7.12 Logarithm of a unit quaternion

Consider the quaternion exponential function defined by

0k)>  (0k)®
(2!)+(3!)

exp(0k) =1+ 0k + (250)

where k™ is the quaternion product of k of order n. It is noted that k? = kok = -k -k = —1,
while k% = k% o k = —k. This gives

6k | (BR)° | OK)' | (OR)°

exp(0k) =1 + 0k + 51 + i + 1 ] (251)

62 o4 6  0°
:(1—2!+4!+...)+<9—2!+5!...>k (252)
=cosf + ksind (253)

From this result it is concluded that the unit quaternion can be expressed in terms of the
quaternion exponential finction as

q = exp (%) (254)

2
In accordance with this the logarithm of the quaternion is defined by
0
log(q) = ;K (255)

8 Kinematic differential equations
8.1 The time derivative of a coordinate vector

Consider the vector u® = [uf, u$, ug]T given in the coordinates of a frame a. The time derivative
of the vector is written

(u®) = | g (256)

Note that this is the time derivative of the components of the vector.

The same vector is given by u’ = [u?, 4}, u4]T in another frame b. The time derivative of u® is
iy
b= |
i

Let the rotation matrix from a to b be Rj. Then the coordinate transformation is given by
u’ = R,‘fub. The time differentiation of the coordinate transformation gives

u% = R’ + Riub (257)
Insertion of Rg = R (w’,)* gives the result

4’ = R[4’ + (wl)*u] (258)



Example 1
Suppose that the vector u’ is a constant vector, which means that the vector is fixed in frame

b. Then @b = 0, and it follows that
W = Rjf(wgy) u’] = (wy) “u (259)

g

Example 2

Consider the time derivative of the angular velocity vector wj, of frame b relative to frame a

in the coordinates of a. Then w% = R%[w’, + (w?)*w?,], where (w?,)*w’, = 0, which gives

wly = Rya, (260)

O

8.2 The time derivative of a coordinate free vector

Let the frame a be defined with orthogonal unit vectors @i, ds, ds. The coordinate-free form of
the vector u® of the previous section is

4= u‘f&l + U;ﬁz + Ugc_ig

where the vector is described in terms of its components along the orthogonal unit vectors of
a. The same vector can be given in terms of its components along the orthogonal unit vectors
51, 52, 53 of the frame b as

U= u?gl + USEQ + uggg

The time derivative of the vector 4 must be referenced to a coordinate frame to be well defined.
To emphasize this the following notation is introduced:
Q

VANRNPRN . .q =
dtﬁ = uld) + usds + usds (261)

This is said to be the time derivative of the vector @ in frame a. It is seen that the derivation is
done by differentiating the coordinates u, while keeping the orthogonal vectors. In the same
way the time derivative of @ in b is given by

bd . . .
= Wby + ubby 4 4bs (262)
From (258) it follows that
ed bq

Example 1

46



Suppose that the vector # is fixed in . Then the time derivative of 4 in b is zero, and

ag
=G x @ (264)

O

Example 2

Consider the time derivative of the angular velocity vector Wy of frame b relative to frame a.
- bd - - . - S =
Then %wab = d%wab + Wap X Wep, and since Wgp X Gy = 0, it follows that
ed bq

Ewab = aajab (265)

8.3 The velocity vector

Consider a point with position vector p” = [z, y, 2], where p” is given in the coordinates of of
a fixed frame n. The frame n will typically be a Newtonian or inertial frame, which is a frame
where Newton’s law applies.

Then the velocity v™ of the point will be the time derivative
vt =p" = | g (266)

of the position vector in the n frame.

In the coordinate-free description the position vector is g = xi, + y7is + 273, and the velocity

18
n

¥ = Eﬁ: L7y + Yo + 273 (267)
where 71, 7io, 713 are the orthogonal unit vectors of frame n.

It is noted that the acceleration of the point is a” = p" = [&, i}, 7], which is written

nd2 nq
d =~ = o = iy + iy + 2 (268)

in the coordinate-free form.
8.4 The velocity of a link attached with a rotary joint

Consider a single link which is a rigid body with a body-fixed frame b. The link is fixed to a
fixed frame n with a rotary joint. The rotation angle is €, and the joint axis is through the
origin of n. The origin of the & frame has position 7. Note that since the frame b is fixed
in the rigid body, the vector 7, will be constant in frame b, which means that %Fb =0. The
velocity of the origin of frame b is then

Lo d

Vp = Erb = (Ijnb X ’f_"b (269)
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8.5 The velocity of the end effector of a serial link manipulator

Consider a manipulator which is a serial connection of 6 links connected with rotary joints. A
frame is fixed in each link so that frame ¢ is fixed in link ¢. The position of the end effector is
then

P = Po1 + P12 + ...+ Pse (270)

where p; is the position of the origin of frame 4, and p;;—1 = p; — pi—1 is the position vector
from the origin of frame ¢ — 1 to the origin of frame 4. It follows that the vector p; ;1 will be
fixed in frame 4, so that

0q id
qpPii—1 = i1+ Goi X Pii1 = Do X Pii-1 (271)

The velocity 7g = Z—(zﬁg of frame 6 is then

—

6 = Wo1 X Po1 + Wo2 X P12 + ...+ Wos X D56 (272)

It is convenient to rewrite this in the form

—

6 = Wo1 X Pos + W12 X Pag + ... + Wse X D6 (273)

where pig = pg — p; is the position vector from frame 7 to frame 6. In the Denavit-Hartenberg
convention the angular velocity vector between two consecutive frames is

@i = 0:%; (274)

where Z; is the unit vector of the z axis of frame ¢. This gives

— —

6 = Z0 X PocbL + 21 X Preba + - - . + 75 X Frels (275)

It is noted that the angular velocity of frame 6 will be

Ge = 2001 + 2100 + ... + 7506 (276)
Moreover, it is noted that if joint ¢ is prismatic, then the contribution to the velocity will
instead be Zjd;, and the contribution to the angular velocity will be zero.

8.6 The angular velocity vector

In this section the time derivative of the rotation matrix will be presented and discussed. It
was shown above that the time derivative of a position vector in a fixed frame is the velocity
vector. In the case of a rotation matrix the situation is somewhat more complicated. The
derivation is based on the observation that a rotation matrix R} from frame a to frame b will
satisfy RRT = I. The time derivative of this equation gives

R}(RH" + R{(RHT =0 (277)
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The matrix § = RY(R{)T with transpose ST = R{RT will therefore satisfy S + ST = 0,
which means that S is skew symmetric. A skew symmetric matrix of dimension 3 x 3 can
always be written

0 —w; Wy
S=| w, 0 —wy (278)
—wy Wy 0

Define the column vector w, = [wz, wy, w,]T. Then S is the skew symmetric form of the vector
w?,, which is written § = (w%)*. From § = R{(R})" is follows that

% = (W) "Ry, (W) = RY(RY)" (279)

The vector wf, is the angular velocity vector of frame b relative to frame a in the coordinates
of the a frame.

The coordinate transformation of the angular velocity vector from b to a is given by wf, =
Rwb, | while the skew symmetric form is transformed according to (w%)* = R (w?,)* (R?)T.
This gives _ .

¢ = Rp(wh)*,  (wh)* = (RY)TRY (280)
8.7 Kinematic differential equation for a simple rotation
The angular velocity for a simple rotation is found from

R} =TI +sinf(k“) + (1 — cos ) (k*)* (k%)* (281)

which has time derivative

R{ =0 [cos (k)™ + sin O(k®)* (k*)*] (282)
The angular velocity is found after some calculation, where it is used that [(k‘l)x]3 = —(k*)*,
to be ' .
(wip)* = RE(RE)" = 0(k)" (283)
which gives the result .
wly = 0k (284)

This shows that the angular velocity of a simple rotation is along the constant axis of rotation,
and that the magnitude of the angular velocity is the rate 0 of the rotation angle 6.

8.8 Kinematic differential equation for a simple rotation about a coordinate axis

The time derivative of a rotation matrix from frame a to frame b is 'g‘ = (w?)" R{ where
w?, is the angular velocity of frame b with reference to frame a in the coordinates of frame a.
In the case of simple rotations about the coordinate axis this gives an interesting result. First,
consider the time derivative of R;(¢) about the z, axis. Then it is easily verified that the time
derivative satisfies

Ry (9) = (92)" Ro (@) (285)
where & = [1,0,0]" is the coordinate vector of the z axis in frame 1. This means that the
angular velocity is wi, = ¢a.
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Figure 10: The angular velocity of a simple rotation by an angle ¢ about the x axis is &y = g.bc_igg,
where d, is the unit vector along the z, axis.

In the same way it is found that for a simple rotation about the y, axis, the time derivative of
the rotation matrix is

Ry(e) = (éy)XRy(o) (286)

where y = [0,1,0]" is the coordinate vector of the y, axis in frame a, which corresponds to an
angular velocity w2, = 0y.

Finally, for a simple rotation about the z axis of frame a, the time derivative of the rotation
matrix is

R.(9) = ($2)" R.(¢) (287)
where z = [0, 0,'1]T is the coordinate vector of the z, axis in frame a, which gives the angular
velocity wj;, = z.

8.9 Kinematic differential equations for the roll-pitch-yaw Euler angles

The time derivative of the rotation matrix for the roll-pitch-yaw angles is
Rzyx =w*Ryyx (288)

where Ry x = R} is the rotation from frame 1 to frame 2 and w = wi, is the angular velocity
of frame 2 relative to frame 1 in the coordinates of frame 1. The time derivative can also be
developed from the simple rotations R, (¢), R,(#) and R.(¢) to be

Ryyx =R.(y)Ry(0)Ry(4) + R.(¢)Ry(0) Ry (¢) + R. (1) Ry(0) R ()
=(9p2) R, (1)) Ry (0) Ry () + R.(4)(0y)* Ry(0) Ry () + R.(4p) Ry (6) () * R ()
=[(1h2)* + R.(4))(0y)* R.(4)" + R. () Ry (0)(¢x)* Ry(0)"R.(4))"|Rzy x
=[(4p2)* + [R.(4)0y]* + [R. () Ry (0)da] | Rzy x (289)
This shows that the angular velocity is

w =z + R, (Y)y + dR.($) Ry (6)w (290)
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Figure 11: The angular velocity of a simple rotation by an angle § about the x axis is &g = 9@,,
where d,, is the unit vector along the y, axis.

It is noted that R.(¢)y is the second column of the matrix R, (), while R,(¢)R,(0)x can
be found efficiently by extracting the first column of Ry (#) and then multiplying with R (¢).
This gives the expression

1o | —siny | costpcosd
w=v| 0| +0]| cosyp |+¢| sinypcost (291)
1 0 sin 0

where the column vectors are the coordinate vectors of the rotation axes in frame 1.

This can also be written

. costpcos —sinyy 0 ¢
w=FE¢p=| sintpcosf cosyp 0 0 (292)
—sin 6 0 1] |4
:, /\‘,'_/
where ¢ = [¢,0,9]". The inverse relation is
¢=E(¢)'w (293)
where the inverse of the matrix E is
1 cos sin 0
E~l = —sintpcosf cosycosf 0 (294)
cosf

costpsin@  sinysin@ cost
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Figure 12: The angular velocity of a simple rotation by an angle ) about the z, axis is
Wy = 4ad,, where @ is the unit vector along the z, axis.

Note that E is singular for cos@ = 0, and the the inverse is undefined in this case. The
geometric interpretation of this singularity will be investigated in detail in the following.

Example

The angular velocity can be expressed in the coordinates of frame 2 as w%Z = R%w%z. Here
T . .
R} = (R%) = R,(¢)"R,(0) "R, ()" which gives

wiy = Ra(¢) Ry(0)"z + 0R:(9) "y + dac (295)
sin 0 0 1

=ip | singcos® | +6| cosyp | +¢]| 0 (296)
cos ¢ cosf —sin ¢ 0

where the columns vectors are the rotation axes in frame 2. This can be written

1 0 sin 6 ¢
Wiy =10 cosyp singcosd o (297)
0 —siny cos¢cost P

8.10 Kinematic differential equations for the ZYZ Euler angles

It was found for the roll-pitch-yaw Euler angles that the angular velocity due a rotational
motion described in terms of the time derivatives w, 6 and ¢ of the Euler angles can be found
as the sum of the angular velocity due to each of the Euler angles. Moreover, when the rotation
is the rotation R} = Ryzy, from frame 1 to 2, the angular velocity due to 1/) is an angular
velocity of magnitude w along the rotation angle of v, which is the z axis of frame 1. The
angular velocity due to 0 is an angular velocity of magnitude 0 along the rotation axis of 0,
which is the y axis of the intermediate frame 1’. Finally, the angular velocity due to qu is of
magnitude qﬁ along the z xis of the second intermediate frame 1”.
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Figure 13: The angular velocity &g of frame a relative to frame b is the sum of the angular
velocities due to the time derivatives ¢, 6 and ¢ of the Euler angles. The angular velocities
are along the rotated rotation axes. The resulting angular velocity is gy = Wy + &g + Jyg.

Therefore angular velocity is

w =1z + OR.()y + PR. () Ry (0)z (298)
which gives
10 | —siny | cosysind
w=yY | 0| +60]| costyp | +¢| sinysind (299)
1 0 cos 6

and w = Fqb where
costsinf —siny 0

F = | sintysinf cosyp 0 (300)
cos 6 0 1
The inverse relation is
. 1 cos Y sin 0
p=F 'w=— 7 —sinysind  cossinf 0 w (301)
sin

—cosycos) —sintcosd siné
which has a singularity when sin6 = 0.
8.11 Singularities of the kinematic differential equations for roll-pitch-yaw angles

Consider the kinematic differential equations for the roll-pitch-yaw Euler angles for § = —x /2.
Then cos @ = 0 and the kinematic differential equations are singular in the sense that the matrix
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Figure 14: The angular velocity &gy of frame a relative to frame b is the sum of the angular
velocity oy along the z, axis due to ¢, plus the angular velocity Wy along the rotated yh, axis
due to 6, plus the angular velocity &y along the rotated z; axis due to ¢. The resulting angular
velocity is @ap = Wy + dg + G-

E is singular. To make the analysis simple it is assumed that ¢» = 0. Then the kinematic
differential equation w = E¢ can be written

Wy 0007[4¢
wy |=[0 10|86 (302)
w; 1 01 ¥

It is seen that w, = 0, wy = 6 and w, = 1/} + gb This means that in this configuration there
can be no angular velocity about the z axis. The reason for this is that the z” axis of the
rotation ¢ is aligned with the z axis of the rotation 1. Note that if 1/; = —q'b, then there will
be no angular velocity due to 1/) and ¢

The singular value decomposition E = UXV" has the factors

0 0 -1 14142 0 0 —-0.7071 0 -0.7071
U = 0O 1 0|, X= 0 10}, V= 0 1 0 (303)
-1 0 0 0 0 0 —0.7071 0 0.7071

The last singular value is o3 = 0, which shows that the matrix E is singular. The following
observations can be made from this fact: The corresponding output vector uz = [—1,0,0]" is
not in the range space of E, which means that the output w cannot have any component along
u3. The corresponding input vector vg = [—0.7071,0,0.7071]" is in the nullspace of E, which
means that an input along vs, that is, and input with 1/) = —é, will not give any output w as
remarked above.
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Close to the singularity given by cosf = 0 the matrix E will be invertible. Consider the
configuration ¢ = 0 and § = —x/2 + 0.02, where 6 is 0.02 rad or about 1 degree away from
the singularity. The

002 0 0
E=| 0 10 (304)
0.998 0 1

and the singular value decomposition has the factors

—0.01 0 -1 14141 0 0 —0.7071 0 —0.7071
U= 0 1 0 |, == 0 1 0 , V= 0 1 0
~1 0 0.01 0 0 0.0141 —0.7071 0 0.7071
(305)

It is noted that the smallest singular value is g3 = 0.0141, which is not zero, so the matrix
is invertible, still the small value of o3 makes the inverse mapping ¢ = E~lw very sensitive
as the amplification in direction defined by us and vs will be 1/03 = 70.711. This is seen by
considering the inverse of E, which is E~' = VE~'U7, and the inverse mapping from w to
¢ can be written in the form

1 0 1
d=10 | (w,4+00lwy)+ | 1 |wy,+70.711 | 0 | (wy—0.01c,) (306)
1 0 ~1

Here it is seen that if an angular velocity wy of, say, unity magnitude is commanded in the z
direction, then there will be rotations of magnitude 70.711 in ¢ and —. This shows that the
mapping ¢ = E~'w is very sensitive close to a singularity.

The kinematic differential equations can be written in terms of the singular value decomposition
as .
¢ =01 (viw)us + 02 (viw) us + 03 (v3 W) uy (307)

It is seen that if o3 = 0 then there can be no component of ¢ along the output vector ug, and
components of w along the input vector v3 will not result in any output ¢.

The corresponding inverse relation is

1 ; 1 . 1 ,
w=— (uqu,’)) v + — <ug¢> vy + — <ugqf>> v3 (308)
1 op) 03
It is seen that if E is close to a singularity, so that o3 tends to zero, then the amplification
1/o3 of the component of ¢ along uz will tend to infinity, and the resulting angular velocity
component along vz will tend to infinity.

This problem of the inverse relation at singularities can be solved with the damped least-squares
solution. Then the inverse relation is modified to

w= iy (W) vt 575 (W) e+ 575 (wl) v (309)
If it is assumed that o1 > o9 > A, then
w= ;1 (ul ¢>> v+ i (u2 ¢>> vy + (u3 qb) (310)

55



This means that the solution is modified by damping the component resulting from the com-
manded motion in the direction associated with the singular value. This solution is an approx-
imation which is accurate in directions 1 and 2.

8.12 Singularities of the kinematic differential equations for the ZYZ Euler angles

The kinematic differential equations for the ZY Z Euler angles will have a singularity for
sin @ = 0, which will cause the rotation axes of the 7 rotation and the ¢ rotation to be aligned.
This means that this Euler angle description will only give rotations about the z and y axes of
frame 1. To analyze this in terms of an example the case # = 0 and ¢y = 0. Then the kinematic
differential equation w = FqS can be written

W 00 0 ¢
wy | =10 10 9 (311)
W 1 01 P

where w, = 0, w, = 6 and w, = w + qb There is no angular velocity about the x axis. It is
seen that this corresponds to the singularity for the roll-pitch-yaw angles.

8.13 Kinematic differential equations for quaternions

In this section the kinematic differential equations for the unit quaternion will be developed.
Let R = R} be the rotation matrix from a to b, and let w® be the angular velocity in the
coordinates of the a frame. Time differentiation of the relation

Ra =gqoaogq (312)

gives .
Ra+ Ra=qgoaog+qoaoq+qoaoq (313)

Here Ra = qoéaoqgand g = —go qoq. This gives

Ra=goaog—qoaogogogq (314)
=gogoqoaog—qgqoaoqgoqoq (315)
=(gogq)o(Ra)— (Ra)o(qoq) (316)

This is the quaternion commutator of ¢ o ¢ and Ra. The quaternion commutator is given by
(225), and in this case, this gives

Ra =2(Go§)"Ra (317)
Insertion of R = (w?)*R gives
(w)*Ra=2(goq)*Ra (318)
This is valid for all values of Ra, and it follows that

w®=2goq (319)
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which implies that g = %w“ o q. Transformation to the b frame where the anglar velcity is w®

is achieved with w® = qw®’q. This gives
wb=2qoq (320)

which implies that ¢ = %q o w’. To sum up, the kinematic differential equations are

1
q :§w“ oq (321)
1
=590 w? (322)
This can be written out as
. 1 T b 1 X a
g=-jew —i—§(nI—e Jw (323)
1 1
g=-— 56%” + 5l + e )w’ (324)

9 The Jacobian of a manipulator

9.1 Kinematics of an n-link manipulator

Consider a manipulator with n links with joint variables ¢ = [q1, ..., )", where the position
and orientation of the end effector is given by the homogeneous transformation matrix
RO pO
0 __ (& Oe
T, = [ oT 1 (325)

where R is the rotation matrix from the base frame 0 to the end-effector frame e, and pge is
the position of frame e with respect to frame 0 in the coordinates of the 0 frame. The angular
velocity wge of frame e with respect to frame 0 in the coordinates of frame 0 is given by

(wfe) = RURY" (326)

where (wge)X is the skew-symmetric form w),. The velocity v? of the end effector in the

coordinates of frame 0 is v0 = pj..

To simplify the notation we write the homogeneous transformation matrix as T, = T, the

rotation matrix as R, = RY, the position vector p, = pge, the velocity vector v, = v?, and
the angular velocity vector as w, = wj,. This gives
R, p.
T, = [ oT 1 (327)
and
. wS R, ve
T. = [ o7 0 ] (328)
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9.2 The geometric Jacobian

The Jacobian J(q), which is a matrix that is a function of the joint variables g, is used to
describe the velocity and angular velocity of the end effector for a given joint velocity. This is
useful in forward kinematics at the velocity level, and in the control of force and torque at the
interaction between end effector and workpiece. Moreover, the Jacobian is important in certain
techniques in inverse kinematics, where the inverse Jacobian is used. Of special importance
are the singularities of the Jacobian J(q), which are joint positions where the Jacobian is not
full rank, and therefore is not invertible. The singularities of the Jacobian are also referred to
as the singularities of the manipulator, since the end effector of the manipulator will have a
reduced number of freedom in a singularity, which imposes limitations on the dexterity of the
manipulator and its ability to solve tasks at such configurations.

The basic form of the Jacobian is the geometric Jacobian J(q), which maps the joint velocities
to the velocity and the angular velocity of the end effector. The is the the preferred form of the
Jacobian. An alternative form of the Jacobian is the analytic Jacobian J4(q) which is based
on a vector description of the position and velocity of the end effector. This will typically mean
the the orientation of the end effector is described in terms of roll-pitch-yaw Euler angles, whic
leads to certain problems related to the Euler angle singularities which will be discussed in the
following.

The geometric Jacobian J(q) for a 6-link manipulator is a 6 x 6 matrix defined by

[ P ] — J(9)d (329)

We

It is useful to write the Jacobian in terms of the velocity part and the angular velocity part as
J .
ﬂmz[MWq (330)
which gives p, = Jp(q)g and w. = J,(q)q.

9.3 Computation of the geometric Jacobian

In this section it is shown how the Jacobian can be efficiently computed with an algorithm
that reduces the required hand calculation to a modest level.

The Denavit-Hartenberg convention is used, which means that all joint axes are along the z
axes of the Denavit-Hartenberg frames. The first step is to calculate all the link transformations

cosf; —sinb;cose; sinf;sina;  a; cosb;
i1 _ sinf; cosB;cosa; —cosb;sina; a;sind; (331)
© T 0 sin @; cos o d;
0 0 0 1
given the Denavit-Hartenberg parameters 6;, d;, o; and a; for i = 1,...,6.
The next step is to calculate
=TT, T)=TT, T)=TT,6 T)=TT, T3=TT5 (332)

58



Then the joint axes z; in frame 0 are found as the three first elements of column 3 of Tio, and
the position vector p; of the origin of frame ¢ in the coordinates of frame 0 is found as the
three first elements of column 4 of T. Then the Jacobian can be computed from z; and p;,
1=1,...,6.

Example 1:

If all the joints are rotational, and the Jacobian is the geometric Jacobian defined by

[ Y ] = J(q)q (333)

where v is the velocity and w is the angular velocity of the end effector in base coordinates,
then the Jacobian is computed as

J_ zo X (ps —Po) 21 X (Ps—p1) ... 2z5 % (Ps — P5) (334)
20 zZ1 zZ5

In addition, the forward kinematics in terms of end-effector position and orientation is simply
TQ. Tt is interesting to note that this solution gives the forward kinematics in the form of an
algorithm, and there is no complicated hand calculation involved. O

Example 2:

A SCARA manipulator has 4 joints. Therefore the configuration of the end effector will only
have 4 degrees of freedom, which can be selected as = [z, ¥, z,]T. The Denavit-Hartenberg
parameters of the SCARA are given by

Link a; o d; 6
1 a1 0 d1 HT al = 0.325, d1 = 0.566
2 az 0 0 65 ax=0.225
30 0 d 0
4 0 0 ds 07 dy=-0.246

where the joint variables are marked with an asterisk. The Jacobian defined by & = J(q)q is
then

X — X — X —
g_| = (Ps—po) z1 X (Pa—p1) 22 23X (Ps—p3) (335)
20 zZ1 0 z3
where zg, z1 and z3 are the z coordinates of the vectors zg, z1 and z3, respectively. O

9.4 The analytic Jacobian

Suppose that the position and orientation of the end effector is given by a six-dimensional
vector

T, = [ Ze ] (336)

This can be done by letting the rotation matrix R, be represented by the roll-pitch-yaw Euler
angles ¢, = [¢, 0p]". The position and orientation vector x. is a function of the joint vector

q, which is written
z. = h(q) (337)
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The analytic Jacobian J4 is then defined by
z. = Jal(q)q (338)

where the analytic Jacobian satisfies

Ja(q) = {32; } (339)

The kinematic differential equation of the Euler angles is (]58 = Ew,. This gives (]58 = Ew, =
EJ,q where J, is the orientation part of the geometric Jacobian. This means that the analytic
Jacobian can be written

(340)

Jas=GJ where G’:[I 0]

0 E
The singularities of J4 will therefore be the singularities of the geometric Jacobian J and,
in addition, the singularities of G. The singularities of G are the singularities of E. This is
the Euler angle singularity for the roll-pitch-yaw angles, which occurs for cos@ = 0. This is
a serious drawback with the analytic Jacobian J4, as it has the additional singularity of the
Euler angles in addition to the manipulator singularities, which are the singularities of the
geometric Jacobian J.

9.5 Virtual displacements
In statics and dynamics the concept of virtual displacements is an important tool.
9.6 Virtual displacements and the Jacobian

Consider a manipulator with n links. The generalized coordinates of the manipulator is then
a set of coordinates so that the position of every fixed point in the manipulator is known if
the generalized coordinates are known. The joint variables ¢;, ¢ = 1,...,n will be a set of
generalized coordinates. The position of the end effector is therefore a function pe(q1, .- -, qn)
of the joint variables. The velocity p. and the angular velocity w, of the end effector will
satisfy

De = pqa we = Joq (341)

If a force vector F and a torque M is acting on the end effector, then the power of the force
and torque is
P.=F'p,+ M'w, (342)

when the manipulator is moving with a velocity p. and angular velocity w.. The corresponding
generalized joint forces are T, so that P, = 71q. Then, from it follows from P, = P, that

7'g=F"p.+ M w, = F'J,g+ M"J,q

which gives T = JpT F +J] M. This gives a very useful relation between the end-effector force
and torque and the corresponding joint forces .

A shortcoming with the simple analysis above is that it is based on velocities. In the static
case, the manipulator is not moving, and there is no velocity. Moreover, when the manipulator
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is moving with a certain velocity there will be acceleration terms that enter the force equations.
Therefore the concept of virtual displacements is introduced. The virtual displacements of the
joint variables are dg;. The joint variables are the generalized coordinates, and can be changed
freely. Therefore, the virtual displacements dg; can have any value. The virtual displacement
of the end effector position must satisfy

ope = Jpoq (343)

The virtual displacement in rotation o, is slightly more complicated. The variation JR in
the rotation matrix must satisfy the condition §(RRT) = §RR" + R(6R)" = 0. The virtual
displacement is defined in its skew symmetric form as X = JRR'. Then

oo = Joiq (344)

The virtual work of a force F' and a torque M acting on the end effector is defined as
We=F'ép+ Mo, = (F'J, + M"J,)iq

The virtual work of the corresponding generalized joint force is 6W, = 718q, and it follows
from oW, = 0W, that

M

In this case this was derived without introducing velocities, which means that the result can
be used in a static analysis.

T:JpTF+J0TM:JT[ F ] (345)

9.7 Statics

In statics the analysis is based on virtual displacements d¢g; of the joint variables ¢;, where d¢;
is a arbitrary change in ¢; that is consistent with the linearized constraints of the system. The
virtual work associated with a virtual displacement of the joint variables is then 0W, = Thiq.

To describe the virtual work of the end effector, the virtual displacement of the end effector
must be described as
op
£ = (346)

o

where dp is the virtual displacement in the position p, while o is the virtual displacement in
rotation which satisfies )R = o* R. Note that R = w”* R, which shows the relation between
the angular velocity w and the virtual angular displacement o. Then if v = Jgq, it follows that

&= Jiq (347)
Let the force and torque acting on the end effector be described with the vector
F
)= [ e ] (348)
where F' is the force acting on the end effector, and M is the moment so that the power that

would result with a velocity v and an angular velocity w would be P = F'v + MTw. The
virtual work of the end effector is then

We=~T¢=Flép+ Mo (349)
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The virtual work of the joint forces will be equal to the virtual work of the end-effector forces
and torues, that is, W, = §W,. This gives 71dq = vT¢. Insertion of (347) then gives

r=Jy (350)
9.8 Geometric interpretation of nullspace and range space for a Jacobian

Consider a 6-link manipulator. The singular value decomposition of the 6 x 6 Jacobian J is
given by

6
J=> o’ (351)
i=1
where u; € R®, § = 1,...,6 are the orthogonal output vectors, and v; € R, ¢ = 1,...,6 are

the orthogonal input vectors. Then the velocity transformation v = Jq is written

T
v=Jg=> oi(v qu (352)
i=1
where r < 6 is the rank of the Jacobian. It is seen that v € R(J) = span{uy, ..., u,}, which is
the range space of the Jacobian. Moreover, it is seen that if ¢ € N (J) = span{v,11,...,vs},
which is the nullspace of the Jacobian, then v = 0.

The force transformation is .
r=Jly= Z oi(uly)v; (353)
i=1

where T are the generalized forces of the joints, and ~ are the corresponding generalized forces
of the end effector, so that in the static case, 77 dq = 4T €, where dq is the virtual displacement
in q, and £ = Jdq is the corresponding virtual displacement of the end effector. It is seen
that 7 € R(JT) = span{wvy,...,v,}, which is the range space of the transposed Jacobian.
Moreover, it is seen that if v € N (J') = span{u,.1,...,ugs}, which is the nullspace of the
transposed Jacobian, then 7 = 0.

Consider the case where the Jacobian has rank r = 6 and is nonsingular. Then oy > ... >
0¢ > 0, which means that all the singular values are greater than zero. In this case the range
space is R(J) = span{ui,...,ug}y = R®. This means that Jg can have any value, and all
velocities v can be achieved. The nullspace is the empty space, and there is no joint velocity
q that gives zero output velocity v. Concerning the force transformation, it is seen that there
is no nonzero « that will give a zero 7.

Next, consider the case where there is a singularity so that o1 > ... > 05 > g¢ = 0, and
the rank of J is r = 5. Then the range space is R(J) = span{ui,...,us}, and the nullspace
is N(J) = span{vg}. This means that the velocity ¥ = J¢ cannot have a component along
ug, which means that the degrees of freedom of the end effector is reduced from 6 to 5 in the
singularity. Moreover, joint velocities along vg will be in the nullspace of J, and will not give
any velocity v. This is seen by letting the joint velocities be given by ¢ = awvg where « is a real
scaling factor, which gives v = Jawvg = Z?:l ai(viT avg)u; = 0. In this case a end effector force
~ = Bug along ug will give a zero joint force vector since 7 = J1 fug = Z?Zl ai(u?ﬁug)vi =0.

This means that there are two effects of the singularity:
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e In the velocity transformation there can be no end-effector velocity v along ug, and joint
velocities g along vg give no end-effector velocity.

e In the force transformation, there can be no joint force T along vg, and an end-effector
force « along ug gives zero joint forces.

10 Analytic inverse kinematics

10.1 Solving for the angle of a single joint

Consider a link of length a that is rotated about the origin of the xy plane by an angle . The
angle theta is zero when the link i aligned with the z axis. The position of the tip point of the
link is given by = and y. The solution is then found with the Atan2 function as

0 = Atan2(y, z) (354)

e = ~1

Figure 16: The Atan2 function when the first argument is negative will be in quadrant 3 or 4.

10.2 Solving for two joints in the plane using the law of cosines

Consider a planar manipulator with two joints with parallel joint axes. The inverse kinematic
problem that is considered is to find the point angles 6; and &, given the coordinates x and y
of the the tip point. This is a standard problem in robotics, and is presented in, e.g., [16]. Let
the link lengths be a; and ay. Then the position of the tip will be

T =ai1c1 + asC19 (355)
Yy =a151 + a2512 (356)

Squaring and summing gives
22 + % = ad(? + 57) + a3y + 52) + 2a1a0(cie1n + 51512) (357)
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x

Figure 17: The geometry of the analytic inverse kinematics of the two links.

Using the trigonometric identity cici2 + s1512 = ¢2 gives

22+ = a? + a2 + 2a102¢ (358)
Then the cosine of the joint angle can be computed from
2, .2 _ 2 2
7ty —ay —aj

= 359

2 2(11&2 ( )

The angle 65 can be found using the inverse cosine. It turns out to be better to use the Atan2
function. Then the sine of the angle is found from

sy =FE\/1—¢3 (360)
and
92 = Atan2(52, 02) (361)
where I/ = —1 gives a solution with the elbow up, and F = 1 gives a solution with the elbow
down.

To find the angle 8; the tip position is reformulated using the geometric identities c12 =
c1co — 5182 and Ss19 = s1¢9 + c289, which gives

x =(a1 + agc2)c1 — az8251 (362)
Yy =as89¢1 + (a1 + asca)$1 (363)

This is a system of two linear equations in the two unknowns ¢; and s;. Elimination of ¢; gives
(a1 4 asc)y — agsez = [a3ss + (a1 + azcy)?]s; (364)
while elimination of s; gives
(a1 + agco)x + azsoy = [a%s% + (a1 + GQCQ)Q]Cl (365)

It is straightforward to verify that a2s3 + (a1 + a2c)? = a? + a3 + 2a1a9¢ce = 22 + y?. This
gives the solution

_—a232x + (a1 + CZQCQ)y

81= 22 + 12 (366)
(a1 + age2) T + azsay
¢ = 2+ 42 (367)
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and the angle is found as
91 = Atan2(51, 02) (368)

An advantage with this solution is that when the logical variable F is selected according
to elbow up or down, the solutions for 81 and 6y will be consistent in the sense that both
correspond to the same value for E.

)

Elbow up 2 (z,7)

- Elbow down z

Figure 18: Two different solutions for the two links when the elbow is up and the elbow is
down.

Example

Consider a two-link planar manipulator with link lengths a; = a9 = 0.5. The tip position is
given by £ = 0.5 and y = 0. Then the solutions for the joint angles are given by

_2? +y? —al —d}

Co =-0.5 (369)
2a1a0
so =FE4/1— c% = 0.8660F (370)
When E = 1 the elbow is down and
(a1 + agea)y — agsox
s$1 = 2212 = —0.8660 (371)
(a1 + agsea)z + assoy
¢ = 24P =0.5 (372)
The angles are then
01 =Atan2(—0.8660,0.5) = —60° (373)
02 =Atan2(0.8660, —0.5) = 120° (374)
When E = —1 the elbow is up and
(a1 + age2)y — agsox
81 = 2ty = 0.8660 (375)
(a1 + agca) T + agsay
c = 2407 =0.5 (376)
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and the angles are

6, =Atan2(0.8660,0.5) = 60° (377)
05 =Atan2(—0.8660, —0.5) = —120° (378)

Note that the solutions for 8; and 6> are consistent, as the selected value for 65 is used in the
computation of 6.

% Calculation of the joint angles for a two-link planar manipultor
al = 0.5; a2 = 0.5;

x =0.5; y=0.;

E = -1 % Elbow up

c2 = (x72 + y°2 - al"2 - a272)/(2xal*a2)

s2 = Exsqrt(1-c272)

g2 = atan2d(s2,c2)

s1 = (- a2xs2*x + (al+a2xc2)*y )/ (x"2+y~2)
cl = ((al+a2*xc2)*x + a2*s2xy)/(x"2+y~2)

gl = atan2d(si,cl)

10.3 Inverse kinematics of an anthropomorphic arm with a spherical wrist

In this section the singularities of an anthropomorphic arm with a spherical wrist is analyzed.
Suppose that the position and orientation of frame 6 is given by

0o_ | M6 Se6 a6 Ps
=10 0o o1 (379)

In this case the three wrist axes intersect at the wrist point. The inverse kinematics is then
possible to solve in two steps. First the position of the wrist point is calculated. This is done
by observing that the origin of frame 5 is at the wrist point. This means that the position
of the origin of frame 6 has position dgag relative to the wrist point, where dg is the Denavit
Hartenberg parameter giving the translation along the z axis from frame 5 to frame 6, and a¢
is the vector along the z axis of frame 6. This means that the position of the wrist point is
found from p,, = pg — dgas.

When p,, has been calculated, the joint angles 61, #2 and 03 can be found. Using these angles,
it is possible to calculate RY, which is used to find R} = (R})TRY. Then, the wrist angles 0y,
05 and 0 will be a set of Euler angles corresponding to Rg, and these angles are found using
the usual techniques for the calculation of Euler angles.

10.4 Inverse kinematics of the ABB IRb 2000

The analytic inverse kinematics of the ABB IRb 2000 is presented in this section. The Denavit-
Hartenberg parameters of the manipulator are given by
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Link a; (67 di 91

1 0 —=/2 0750 6
2 0710 0 0 6
30125 —7x/2 0 6
4 0  w/2 0850 6
5 0 -x/2 0 6
6 0 0 0100 6

The home position of the manipulator is set to g5 = [0, —7/2,0,0,0,0]'.

The manipulator has spherical wrist. The standard method for solving the analytic inverse
kinematics is therefore based on finding the wrist point, and use this to calculate the joint angles
01, 0 and 05. From these angles the transformation matrix ng’ can be calculated, and the wrist
angles 0y, 05 and 05, which are three Euler angles, can be calculated from T} = (Tg)1T).

Let the position and orientation of the end effector frame e be given by

0_ | Me 8¢ Qe Pe
T. = 0 0 O 1 (380)

Let the origin of Denavit-Hartenberg frame ¢ be denoted p;, and let the unit coordinate vectors
along the x, y and z axes of frame ¢ be denoted x;, y; and z;, respectively, where the vectors
are given in the coordinates of frame 0. It is assumed that the e frame is frame 6 in the
Denavit-Hartenberg description.

The manipulator has three logical variables used to select different configurations. The End
effector is in the front when F' = 1 and in the back when F = —1. The elbow is up when E;
and down when E = —1. The wrist is flipped when W =1 and not flipped when W = —1.

The wrist point will have the position
Pw = Pe — dsQe (381)
with coordinates py, = [Ty, Yuw, 2w] - Then the angle of joint 1 is found from

01 = Atan2(Fyy, Fix,) (382)

Joint angles 0, and @5 are calculated as for a planar two-link manipulator. The length

Ly = \/d2 + &2 (383)

and the angle 13 are defined to handle the offset a3, so that 63 = 13 + J3, where the offset
angle
53 = Atan2(d4, ag) (384:)

is the the offset angle, so that
03 = 13 — 03 (385)

The triangle of the angles 2 and 13 has the lengths

pn =F\/x2 +y2 (386)
Py = — (2 — d1) (387)
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Then

BtR-d- I3

388
“ 2a2L3 ( )
s3 =E\/1—c2 (389)
3 =Atan2(ss, c3) (390)
and
L L
o _pn(az + 2303) :pv 353 (391)
D;, + Dy
L — pp L
5 _pulaz + 2303) . prlsss (392)
Py, T Dy
0o =Atan2(sg, c2) (393)

The computed values for 81, 65 and 83 can then be used to compute the rotation matrix Rg.
Then the wrist angles can be computed from R} = (R3)T RY.

The joint angles will be a set of ZYZ Euler angles ¢, 6 and ¢, where the first angle 1 is about
the the z3 axis, the second angle 6 is about —z4, and the third angle ¢ is about z5. This means
that 8, = 1, 85 = —6 and 0 = ¢. The solution is therefore

94 :AtaI’IZ(W’f‘Qg, W’I"13) (394)
05 = — Atan2(W /12, + r2;,733) (395)
96 :Atan2(W7’23, —W’Fgl) (396)

where R% = {r;;} where W = —1 when the wrist is not flipped, and W =1 when the wrist is
flipped.

10.5 Singularities in an industrial manipulator

In this section the singularities of the ABB IRb 2000 are analyzed following the presentation
in [2]. This manipulator has three singularities.

e The elbow singularity occurs when the elbow in joint 3 is stretched out. Joints 2 and 3
will in the nonsingular case move the the wrist point in two degrees of freedom in the
plane that is perpendicular to joint axes 2 and 3. In the singularity when the elbow is
stretched out, the wrist point can only be moved in one degree of freedom in this plane.
The condition for the elbow singularity is a3 cos 03+ dy sin 03 = 0. This singularity occurs
outside of the joint limit for f5, so it has no practical interest for this manipulator.

e The shoulder singularity occurs when the wrist point is at the rotation axis of joint 1.
Then there can be no velocity of the wrist point in the direction of joint axes 2 and 3.
The condition for this singularity is ag sinfy + ag cos(02 + 63) + dy sin(f + 63) = 0.

e The wrist singularity has the condition g5 = 0. In this case the joint axes of joints 4
and 6 will be aligned, and there can be no rotation from the wrist about the axis that is
orthogonal to joint axes 4,5 and 6.
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This manipulator has a spherical wrist with three intersecting wrist axes. The inverse kine-
matics for this type of manipulator can be solved by first finding the wrist point from the end
effector position and orientation. Then the joint angles of joints 1, 2 and 3 are found given the
position of the wrist. Finally, the wrist angles are found given the rotation matrix RS from
frame 3 to frame 6, which is found from the the angles of joints 1, 2 and 3 and the orientation of
the end effector. Note that this requires that the wrist position can be positioned in 3 degrees
of freedom by joints 1, 2 and 3, and the rotation RS can be achieved with the wrist angles 4,
5 and 6.

In the elbow and shoulder singularity, the singularity can be identified from the fact that the
wrist motion will not have 3 degrees of freedom in these singularities. Then the end effector
will have at most 5 degrees of freedom, which means that it is at a singularity. For the shoulder
singularity, the singularity is identified because the wrist angles will only provide two degrees
of freedom for the rotation RS.

It is noted that the manipulator can have a combination of singularities. If the manipulator
has the wrist point on the rotation axis of joint axis 1, and ¢5 = 0, then it can be said to be
at a double singularity. The position of the wrist point will then have two degrees of freedom,
and the wrist joints will only provide 2 rotational degrees of freedom, so the end effector will
have at most 4 degrees of freedom. A triple singularity will occur if in addition the elbow is
stretched out. Then the wrist point will have only one degree of freedom, which is a velocity
in the horizontal direction perpendicular to joint axes 2 and 3. The wrist will only have two
degrees of freedom, and it follows that the end effector will have 3 degrees of freedom.

10.6 Inverse kinematics of the KUKA Agilus

The Denavit-Hartenberg parameters of the KUKA Agilus manipulator are

Link a; (67 di 910
I 0.025 —=x/2 0400 0

2 0455 0 0 0
3 003 -m/2 0 —n/2
4 0 w/2 0420 0
5 0 —r/2 0 0
6 0 0 008 0

The manipulator has 6 rotary joints. Here 6;y is the offset in joint angle 7. This means that
the Denavit-Hartenberg joint angle 6; is related to the physical joint angle g; by 6; = ¢; + 0q;.
The home position of the manipulator is set to g5 = [0, —7/2,7/2,0,0,0]". The manipulator
is shown in the home position in Figure 19.

The KUKA Agilus robot has spherical wrist. Then the standard method for solving the analytic
inverse kinematics is based on finding the wrist point, and use this to calculate the joint angles
01, 6 and 05. From these angles the transformation matrix Tg’ can be calculated, and the wrist
angles 0y, 05 and 05, which are three Euler angles, can be calculated from Tj = (T03)TT60.

Let the position and orientation of the end effector frame e be given by

0_ | Me Se Ge Pe
=10 0 o 1 (397)
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Figure 19: The Denavit-Hartenberg frames of the KUKA Agilus robot in the home position
qn =[0,—7/2,7/2,0,0,0]T.

Let the origin of Denavit-Hartenberg frame ¢ be denoted p;, and let the unit coordinate vectors
along the z, y and z axes of frame ¢ be denoted x;, y; and z;, respectively, where the vectors
are given in the coordinates of frame 0. It is assumed that the e frame is frame 6 in the
Denavit-Hartenberg description.

The manipulator has three logical variables used to select different configurations. The end
effector is in the front when F' = 1 and in the back when F = —1. The elbow is up when F;
and down when E = —1. The wrist is flipped when W =1 and not flipped when W = —1.

The wrist point will have the position
Pw = Pe — dsQe (398)
with coordinates py = [T, Yuw, 2w] ' . Then

01 = Atan2(Fyy, F'zy) (399)

Joint angles s and 05 are calculated as for a planar two-link manipulator. The length

Ly=Ja3 + &3 (400)

and the angle 13 are defined to handle the offset a3, where 83 = 13 + d3, where the offset angle
d3 = Atan2(as, d4) (401)

is the the offset angle, so that
3 =13 + 03 (402)
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Figure 20: The Denavit-Hartenberg frames of the KUKA Agilus robot in the zero position
qn = [0,0,7/2,0,0,0]" where all the joint angles are zero. Note that joint angle 3 has an offset

of /2.

The triangle of the angles 62 and 13 has horizontal length p, = F

py = — (2w — d1). Then

and

_ D +py— a3 — I3
2a2L3

83:E 1—0%

13 =Atan2(ss, c3)

C3

_ prlaz + Lzcz) + pyL3s3
2= 2 2
D;, + Dy
:pv(a2 + L3zcs) — prLsss
i + p2
0y =Atan2(ss9, c2)

52

22, +y2, — Fai and

(403)

(404)
(405)
(406)

(407)

(408)

The computed values for 61, 6, and 63 can then be used to compute the rotation matrix Rj.
Then the wrist angles can be computed from R} = (R3)TRJ. The joint angles will be a set
of ZY7 Euler angles 1, 0 and ¢, where the first angle 1 is about the the z3 axis, the second
angle 0 is about —z,4, and the third angle ¢ is about z5. This means that 84 = 1, 85 = —0 and
0s = ¢. The solution is therefore

94 :AtaHZ(W’f‘Qg, W’I"13)
95 = — Atan2(W ’f'%g + 7'53, 7‘33)
06 :AtanQ(WT’237 —W’Fgl)
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where R% = {r;;} where W = —1 when the wrist is not flipped, and W =1 when the wrist is
flipped.

MATLAB Example

% Script for testing the inverse kinematics of the KUKA Agilus
clear;

SetDH_Agilus; % Set Denavit Hartenvberg parameters

% Input hoint angles

gh = [pi -pi/2 pi/2 0 O 0]’; % Home position

qg=qgh - [00000.20] % 0ffset from home position

[J, T] = ForwardKinAgilus(dh, q) % Forward kinematics

ga = AInverseKinAg(dh,T) % Analytic inverse kinemtics
g_inv_solution = qga’

g_actual = q’

[Ja, Tal] = ForwardKinAgilus(dh, ga); % Test if solution is correct
Ta-T % Zero Matrix expected

Yoo TotoTo o ToTo oo foToToTo o o Fo To o

function q = AInverseKinAg(dh, Te)
% Analytic inverse kimenatics for the KUKA Agilus

ne = Te(1:3,1); se = Te(1:3,2); ae = Te(1:3,3);

pe = Te(1:3,4);

dl = dh(1,3); d4 = dh(4,3); d6 = dh(6,3);

al = dh(1,1); a2 = dh(2,1); a3 = dh(3,1); L3 = sqrt(al3"2 + d4"2);
pw = pe - d6*ae;

FRONT = 1;

ql = atan2(FRONT*pw(2) ,FRONT*pw (1)) ;

ELBOW = 1;

pty = - (pw(3) - d1);

ptx = FRONT*(sqrt (pw(1l) "2+pw(2)~2)-FRONT*al) ;
c3 = (ptx”"2 + pty~"2 - a272 - L372) / (2%a2%L3);
s3 = ELBOWxsqrt(1-c3°2);

psi3 = atan2(s3,c3);
offset3 = atan2(a3,d4);
q3 = psi3 + offset3;

c2 = (ptx*(a2 + L3*c3) + pty*L3*s3) / (ptx~2 + pty~2);
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s2
q2

(pty*(a2 + L3xc3) - ptx*L3*s3) / (ptx"2 + pty~2);
atan2(s2,c2);

q = [a1;92;93;0;0;0];
% dh = [a alpha d thetal
dhf = dh;
% Insert joint variable in DH vectors
for 1 = 1:3
dhf (i,4) = dhf(i,4) + q(i);
end
% Homogeneous matrices for links

TO1 = LinkDH2T (dhf(1,:));

T12 = LinkDH2T (dhf(2,:));

T23 = LinkDH2T (dhf(3,:));

TO2 = TO1 * T12;

TO3 = TO2 * T23;

RO3 = T03(1:3,1:3); Re = Te(1:3,1:3);
R = RO3’*Re

WRIST = 1;

q4 = atan2(WRIST*R(2,3) ,WRIST*R(1,3));
g5 = -atan2(WRIST*sqrt(R(1,3)"2+R(2,3)"2),R(3,3));
q6 atan2(WRIST*R(3,2),-WRIST*R(3,1));

q(4:6) = [g4; q5; 96];
YANANAY S YN AN

function [J, Tel = ForwardKinAgilus(dh, q)
% dh = [a alpha d thetal

dhf = dh;
% Insert joint variable in DH vectors
for i = 1:6
dhf (i,4) = dhf(i,4) + q(i);
end

% Homogeneous matrices for links
TO1 = LinkDH2T (dhf(1,:));
T12 = LinkDH2T (dhf(2,:));
T23 = LinkDH2T (dhf(3,:));
T34 = LinkDH2T (dhf(4,:));
T45 = LinkDH2T (dhf(5,:));
T56 = LinkDH2T (dhf(6,:));

% Homogeneous matrices for intermediate frames
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TO2 = TO1 * T12;
TO3 = T02 * T23;
TO4 = TO3 * T34;
TO5 = T04 * T45;

% Homogeneous matrix for manipulator
Te = TO5 * Tb56;

% Rotation axes
z0 = [0 0 1]°;

z1 = T01(1:3,3);
22 = T02(1:3,3);
z3 = T03(1:3,3);
z4 = T04(1:3,3);
z5 = T05(1:3,3);

% Position vectors
p0 = [0 0 0]7;

pl = TO1(1:3,4);
p2 = T02(1:3,4);
p3 = T03(1:3,4);
p4 = T04(1:3,4);
p5 = T05(1:3,4);

pe = Te(1:3,4);
% Geometric Jacobian for rotational joints
J = [ cross(z0, (pe-p0)) cross(zl, (pe-pl)) cross(z2, (pe-p2))

cross(z3, (pe-p3)) cross(z4, (pe-p4)) cross(z5, (pe-p5)) ;
z0 z1 z2 z3 z4 z5 ];

Voo o oo o oo o o o oo o o o

function T = LinkDH2T(dh)
% dh = [a alpha d thetal

xv = [1;0;0]; zv=[0;0;1];
T = AngleAxis2T(zv,dh(4)) * Trans2T(dh(3)=*zv)
* AngleAxis2T(xv,dh(2)) * Trans2T(dh(1)*xv);

Yoo oo oo oo oo o oo o o

10.7 Singularities of the KUKA Agilus industrial robot

In this section the singularities of the KUKA Agilus KR 6 R900 sixx are analyzed.

manipulator has three singularities.
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e The elbow singularity occurs when the elbow in joint 3 is stretched out. Joints 2 and
3 will in the nonsingular case move the wrist point in two degrees of freedom in the
plane that is perpendicular to joint axes 2 and 3. In the singularity when the elbow
is stretched out, the wrist point can only be moved in one degree of freedom in this
plane. The condition for the elbow singularity is ascosqs + dgsings = 0, which gives
g3 = arctan(az/ds) = 0.0831 rad.

e The shoulder singularity occurs when the wrist point is at the rotation axis of joint 1.
Then there can be no velocity of the wrist point in the direction of joint axes 2 and 3.
The condition for this singularity is a1 + ae sings + a3 cos(qa + g3) + da sin(ga + ¢3) = 0.
If g3 = w/2, then the shoulder singularity occurs for ¢o = —2.3182. If the robot is in the
elbow singularity with g3 = 0.0831 rad, then it will also be in the shoulder singularity if
g2 = —1.5995.

e The wrist singularity has the condition g5 = 0. In this case the joint axes of joints 4
and 6 will be aligned, and there can be no rotation from the wrist about the axis that is
orthogonal to joint axes 4,5 and 6.

This manipulator has a spherical wrist with three intersecting wrist axes. The inverse kine-
matics for this type of manipulator can be solved by first finding the wrist point from the end
effector position and orientation. Then the joint angles of joints 1, 2 and 3 are found given the
position of the wrist. Finally, the wrist angles are found given the rotation matrix R} from
frame 3 to frame 6, which is found from the the angles of joints 1, 2 and 3 and the orientation of
the end effector. Note that this requires that the wrist position can be positioned in 3 degrees
of freedom by joints 1, 2 and 3, and the rotation RS can be achieved with the wrist angles 4,
5 and 6.

In the elbow and shoulder singularity, the singularity can be identified from the fact that the
wrist motion will not have 3 degrees of freedom in these singularities. The the end effector will
have at most 5 degrees of freedom, which means that it is at a singularity. For the shoulder
singularity, the singularity is identified because the wrist angles will only provide two degrees
of freedom for the rotation RS.

It is noted that the manipulator can have a combination of singularities. If the manipulator
has the wrist point on the rotation axis of joint axis 1, and g5 = 0, then it can be said to be
at a double singularity. The position of the wrist point will then have two degrees of freedom,
and the wrist joints will only provide 2 rotational degrees of freedom, so the end effector will
have at most 4 degrees of freedom.

10.8 Inverse kinematics of the URS5 industrial robot

In this section the analytic inverse kinematics for the Universal UR5 are presented. The
derivation is based on the geometric insight gained from the approach used in [8] where the
solution is found using geometric algebra.

The Denavit-Hartenberg parameters of the Universal URbS robot are
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Link a; (67} di 91
1 0 5 di 67 dy=0.0892
2 ay 0 0 6 ay=-0425
3 a3 0 0 6 a3=—0.39243
4 0 T dy 0 dq=0.109
5 0 T ds 6 ds=0.093
6 0 0 de 0 dg=0.082

Figure 21: Universal Robot UR5 in home configuration

The home position of the manipulator as shown i Figure 21 is given by the joint angles

0)".

B
IR
INIE
INIE

Ghome = (0 -

The Denavit-Hartenberg frames of the UR5 robot in the home position gnome are shown in the
Figure 22.

Let the position and orientation of the end effector frame e be given by

0 _ Neg 8¢ Ae Pe
=10 0o 0 1 (412)

Let the origin of Denavit-Hartenberg frame ¢ be denoted p;, and let the unit coordinate vectors
along the z, y and z axes of frame i be denoted x;, y; and z;, respectively, where the vectors
are given in the coordinates of frame 0. It is assumed that the e frame is frame 6 in the
Denavit-Hartenberg description.

The inverse kinematic problem is then to find the joint angles q given Tjj. The Universal
Robots URS5 manipulator does not have a spherical wrist, so there is no wrist point that can
decouple the inverse kinematic solution into a position part for joints 1, 2 and 3 and and
orientation part for joints 4, 5 an 6. The solution can still be found because joints 2, 3 and 4
have parallel axes of rotation.

The home position is characterized by as a configuration with the shoulder to the left, the
elbow up, and the wrist pointing away from the base frame. The inverse kinematics will first
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Figure 22: Universal Robot UR5 with Denavit-Hartenberg frames in home configuration

be found for this type of configuration. Then, the solution will be extended to include shoulder
right, elbow down and wrist flipped.

The inverse kinematics can be solved as follows: First the point ps at the origin of frame 5 is
found from the end effector position and orientation from

T5
P5 = Pe — de@e = | Y5 (413)
z5

Then joint angle 1 can be found by considering the horizontal projection of vector ps, which
has the angle

1 = atan2(ys, z5)
about the zy axis from the zg axis. Note that if 5 = y5 = 0, then the solution is undefined.
This happens for the shoulder singularity of the manipulator, which occurs when the point ps
is on the zy axis. The angle ¢; differs from ¢; due to the offset d4 corresponding to an offset

angle
01 = atan2 <d4, Rty — d?l) .

01 =11 + 01

Note that this is only defined when I% + yg > d2, which is always satisfied due to the design
of the manipulator.

This gives

Given #1, the unit vectors of frame 1 are computed as

c1 0 S1
r1 = S1 N Y1 = 0 N zZ1 = —C1
0 1 0



Next the vector z4 is computed. This vector is found from the observation that it is perpen-
dicular to both z; and a.. Care must be taken to ensure the right sign. It is seen that in the
home position the vector can be computed from

Z1 X Qe

z4 |21 X ae] #0 (414)

- |21 X @’

Note that if z; x @, = 0 the solution is undefined. This happens for the wrist singularity of
the manipulator.

It is seen that y4 = z;. Then x4 can be computed using the right-hand rule as
T4 =21 X 24 (415)

Now that unit vectors of frame 4 has been computed the wrist angles 85 and 6g can be found.
It is noted that 85 is the angle between a. and y4, and is found from

S5 = —Q¢ - T4, C5=0e Y4 (416)

05 = Atan2(—a. - ¢4, a. - Y4) (417)

The angle 6 is the angle between s, and ys, and is found from cos g = ys5 - ¢, sinfg = y5 - N,
and y5 = —z4, which gives
O = Atan2(—z4 - 1, —24 - S¢) (418)

The angles 05 and 03 are found from the position ps3 of the origin of frame 3, which is computed
from

P3 = P5 — dsz4 — dyz1 (419)
The coordinates of the vector are written ps = [p3, p3y, p3,]T. Then 63 and 603 is found from

the law of cosines for the triangle with end point with horizontal coordinate pp = 4/ p%m + pgy
and vertical coordinate p, = p3, — d1, which gives

2 2 2 2
Pyt Dy —a; —ajg

420
“ 2a2a3 ( )
s3=4/1—c3 (421)
05 =Atan2(ss, c3) (422)
and

o :Ph(az + a2303) ;l-pva383 (423)

D;, + Dy
5 _pulag + 02303) ;pha383 (424)

Dy, TPy
B =Atan2(s9, c2) (425)

The last angle 64 is found by computing 0234 = 65 + 05 + 04. An expression for 634 is found by
noting that the z, vector is rotated by an angle 034 = 05 4 03 4+ 64 about the z; axis starting
from the —zp = —y; axis. This gives

5234 = 24 -1, €234 = —24°Y1 (426)
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and
0334 = Atan2(zy - @1, 24 - Y1) (427)

and the 8,4 is found from
04 = 0334 — (02 + 03) (428)

Finally, it will be shown how the different solutions for shoulder left and right, elbow up and
down and wrist flipped or not are calculated. The do this, the logical variables S, F and W
are defined so that

g 1, shoulder left
~ | —1, should right

_ 1, elbow up
E= { —1, elbow down (430)

(429)

W :{ 1, wrist not flipped 7 (431)

—1, wrist flipped

If the shoulder is changed to right, this means that the manipulator is turned around the vertical
axis and reaches backwards. Then v = atan2(Sys, Szs) and 6; = ¢ + S4;. Moreover, the z4

vector changes to z4 = Sz X a./|z1 X a.|, and p;, = S\/pém +p§y.

In the case the elbow is changed to elbow down the solution must be changed with s3 =
E/1— c%.

If the wrist is flipped, the solution for z4 must be changed to z4 = WSz1 X a¢/|z1 X a.|.

The complete solution accounting for the logical variables S, F and W is then achieved with
the modifications

11 =atan2(Sys, Sxs) (432)

0, =iy + 56 (433)

2 =W 8 2L e (434)
|z1 X a|

pn =S\/p3, —l—pgy (435)

s3 =FE\/1—¢3 (436)

MATLAB Example

% Script for calculating the inverse kinematics of the URS

clear;

SetDH_URS;

% Input joint angles

q = gh;

q = gh - 0.1*ones(6,1);
% q(1) = q(1) + pi;

h q(2) = q(2) - pi;
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[J, T] = ForwardKinUR5(dh, q);
ga = AnalyticInvKinUR5(dh, T);
g_computed = ga’

g_actual = q’

[Ja, Tal ForwardKinUR5(dh, qa); % Test
dT = T - Ta% Zero matrix expected

Yoo Toto ool ToTo o oo ToTo o o o

function q = AnalyticInverseKinUR5(dh, Td)

Te = Td;

ne = Te(1:3,1); se = Te(1:3,2); ae = Te(1:3,3);

pe = Te(1:3,4);

dl = dh(1,3); d4 = dh(4,3); d5 = dh(5,3); d6 = dh(6,3);
a2 = dh(2,1); a3 = dh(3,1); L2 = a2; L3 = a3;

p5 = pe - dbxae;

pSx = p5(1); pby = p5(2);

SHOULDER = 1;

psib = atan2(SHOULDER*p5y,SHOULDER*p5x) ;
offsetl = atan2(d4, sqrt(p5x~2 + pby~2 - d4"2));

ql = psi5 + SHOULDER*offsetl;
xl = [cos(ql); sin(ql); 01;

yl1 = [0; 0; 11;

zl = [sin(ql); -cos(ql); 01;

WRIST = 1;

z4 = WRIST*SHOULDER#*cross(zl,ae); z4 = z4/norm(z4);
y4 = z1;

x4 = cross(y4,z4);
g5 = atan2(dot(-ae,x4),dot(ae,y4));

g6 = atan2(dot(-z4,ne), dot(-z4,se));

p3 = pb - db*z4 - d4xzl; p3x = p3(1); p3y = p3(2); p3z = p3(3);
pv = p3(3) - dl; ph = SHOULDER*sqrt (p3(1)~2+p3(2)°2);

9234 = atan2(dot(z4,x1) ,dot(z4,-y1));
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ELBOW = -1;

¢3 = (ph”™2 + pv™2 - L272 - L372) / (2xL2xL3);
s3 = ELBOWxsqrt(1-c3°2);
g3 = atan2(s3,c3);

c2 = (ph*x(L2 + L3*c3) + pvxL3*s3) / (L272 + L372 + 2xL2*L3*c3);
s2 = (pv*(L2 + L3*c3) - ph*L3*s3) / (L272 + L372 + 2*L2*L3*c3);
c2 = (ph*(L2 + L3*c3) + pvxL3*s3) / (ph~2 + pv~2);
s2 = (pv*(L2 + L3*c3) - ph*L3*s3) / (ph~2 + pv~2);

g2 = atan2(s2,c2);

q4 = q234 - (g2 + g3 );
if g4 > pi

q4 = q4 -2*pi;
end

q = [al; 92; q3; q4; q5; qbl;
Toloto oo o oo o o oo o T o o o
% Denavit Hartenberg Parameters for URb robot with 6 rotational joints

% [a alpha d thetal
dh = zeros(6,4); % Declaration of dh as matrix of dimension 6x4

dh(1,:) = [ 0 pi/2 0.0892 0 1;
dh(2,:) = [-0.425 0 0 0 1;
dh(3,:) = [-0.39243 0 0 0 1;
dh(4,:) = [ 0 pi/2 0.109 0 1;
dh(5,:) = [ 0 -pi/2  0.093 0 1;
dh(6,:) = [ 0 0 0.082 0 1;

% Home position

gh =[0 -pi/2 -pi/2 -pi/2 pi/2 0]1’;
Dot toTotofoToto Toto foTo o To o o

function [J, Te] = ForwardKinUR5(dh, q)

% dh = [a alpha d thetal

dhf = dh;
% Insert joint variable in DH vectors
dhf(:,4) = dhf(:,4) + q(:);

% Homogeneous matrices for links

TO1 = LinkDH2T (dhf(1,:));
T12 = LinkDH2T (dhf(2,:));
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T23 LinkDH2T (dhf(3,:));
T34 = LinkDH2T (dhf(4,:));
T45 LinkDH2T (dhf(5,:));
T56 LinkDH2T (dhf(6,:));

% Homogeneous matrices for intermediate frames
TO2 = TO1 * T12;

TO3 = T02 * T23;
TO4 = TO3 * T34;
TO5 = T04 * T45;

% Homogeneous matrix for manipulator
Te = TO5 * T56;

% Rotation axes
z0 = [0 0 1]°;

zl = T01(1:3,3);
z2 = T02(1:3,3);
z3 = T03(1:3,3);
z4 = TO4(1:3,3);
z5 = T05(1:3,3);

% Position vectors
po = [0 0 0]°;

pl = TO1(1:3,4);
p2 = T02(1:3,4);
p3 = T03(1:3,4);
p4 = T04(1:3,4);
p5 = TO5(1:3,4);

pe = Te(1:3,4);

% Geometric Jacobian for rotational joints

J = [ cross(z0, (pe-p0)) cross(zl, (pe-pl)) cross(z2, (pe-p2))
cross(z3, (pe-p3)) cross(z4, (pe-p4)) cross(z5, (pe-p5)) ;
z0 z1 z2 z3 z4 z5 ];

10.9 Singularities of the URS5 industrial robot

The URbH manipulator has three singularities.

e The elbow singularity occurs when the elbow in joint 3 is stretched out. Joints 2 and
3 will in general move the wrist point in two degrees of freedom in the plane that is
perpendicular to joint axes 2 and 3. In the singularity when the elbow is stretched out,
the wrist point can only be moved in one degree of freedom in this plane. The condition
for the elbow singularity is g5 = 0.
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e The shoulder singularity occurs when the distance from point ps to the zy axis is d4. In
this case the point ps cannot have a velocity in the z; direction, which means that the
range space of the Jacobian is reduced by one degree of freedom.

e The wrist singularity has the condition ¢5 = 0. In this case the joint axes of joints 4 and
6 will be aligned, and there can be no rotation about the axis that is orthogonal to joint
axes 4, 5 and 6 without contribution from axes 1, 2 and 3, which reduces the dimension
of the range space of J. In the inverse kinematic solution the expression for z; becomes
undefined as z; x a. = 0.

11 Numerical optimization

Numerical optimization is used in many allocations. The techniques are based on iterative
improvement by incrementing the solution based on gradient information. A basic reference
on methods for numerical optimization is [12]. In robot kinematics it is used in iterative
inverse kinematics, which is a solution to the inverse kinematics where the Jacobian is used in
an incremental solution technique instead of the direct computation used in analytic inverse
kinematics. Numerical optimization is also widely used in robot vision.

11.1 Linear least-squares
Consider a system of m linear equations in n unknowns given by
Az =b (437)

Here x is a vector of n unknowns, A is an m X n matrix, and b is a vector of dimension m. It is
assumed that m > n equations, which means that the system of equations is overdetermined,
as there are more equations than unknown variables. This means that in general there is no
solution & to the problem. In applications this is usually solved by finding the least-squares
solution * to the problem. This is done by minimizing a quadratic objective function

fulw) = 5 (Az — b (Az ) (138)

with respect to . The gradient of the cost function with respect to x is

Vi(x)=—-ATb+ AT Ax (439)
where .
d d
V=|—: ..., —
or Oxy,
is a column vector of differentiation operators and the gradient is the column vector
ofu(x)  Ofu(=)]"
= . 440
Vine) = | O (440)

The gradient must be zero at the optimal solution, and it follows from (438) that the optimal
solution * can be found from
AT Az = A"b (441)

which are the normal equations of the problem.
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11.2 Damped linear least-squares

In certain applications the damped-least squares solution is computed by minimizing the mod-
ified objective function

1 1
fa= §(Aa: —b)T(Az — b) + 5/\2me (442)

which gives a modified optimal solution 3 that will depend on the selection of the damping
factor A.

This is called the damped least-squares problem since the magnitude of the unknown variable
x enters in the objective function. The normal equations for the damped least-squares problem
is seen to be

(ATA + XDz, = ATb (443)

The advantage of this solution is that it can be computed even when A is singular, which is
not possible in the original problem since the normal equations will have a singular matrix
ATA. Moreover, the damped-least squares solution is well-conditioned when A is close to
being singular, whereas the solution &* without damping can tend to infinity when A is close
to being singular.

To investigate the solution of the damped least-squares solution further the singular value
decomposition is used. The singular value decomposition of A is

n
A=USVT =) cuo! (444)
i=1
where 01 > g9 > ... > 0, > 0, where r is the rank of A, and the singular values o,.1,...,0n
are zero if r < n.
Then
ATA+ X1 =vZUTUsvT + 2I1=vZ2VvT L XTI =V (22 + X )VT (445)

where it is used that UUT = I and VV'T = I. This can also be written

n

ATA+ NI =) (o] + N)v] (446)
=1
The inverse is
- 1
(ATA+ XD =V(E 2+ 272DV =) mwv? (447)
i=1 ¢

The solution to the normal equation is then

;= (ATA+ ) AT =V(Z 2+ 22U D (448)
which can be written .
* § : & T
- o7 + N ot (449)
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It is noted that in the original problem without damping the optimal solution is

"1
Tt =Y —wulb (450)

i=1 '
Here 1/0, will tend to infinity when o, tends to zero. The solution is undefined when o, = 0.

In the damped solution 3 the potentially problematic factor 1/0, is repalced with the factor
g(on) = on/(02 + A2). This factor will be well-behaved even when o, tends to zero. When
op > A the solution &} ~ z* since

On 1
—_ — h A 451
o+ X oy when on > (451)
Moreover,
In 0 when op <\ (452)
—_— e, W
o2+ a2 72 n

The maximum value for g(oy,) is found from

dg(on) _ A2 _UTQL
dop, (07 +\2)2

=0 (453)

which gives the maximum value g(\) = 1/(2)) at o, = A.
11.3 Nonlinear least-squares optimization

In a nonlinear least-squares problem a solution is sought that will minimize a nonlinear objec-

tive function of the form N

1
Fla) = 33 rila)? (454
i=1
with respect to @ = (x1,22,...,%,) . The functions r;(z) are called the residuals of the

problem. The residuals can be arranged in a residual vector

r(z) = [ri(z),r(x),. .. ,rN(a:)]T (455)

A nonlinear least-squares solution will in general not have a closed-form solution. Instead the
solution must be found by iteration using a numerical optimization method. This is done in
an iterative scheme where the solution at step k& + 1 is found from the solution at step k by
the computation

Tkl = Tk + Pk (456)

where p;. is the increment of the solution, which is calculated from the first and second order
derivatives of the objective function f(x). The first order derivative, which is the gradient, is
written in terms of the column vector
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of differentiation operators. Then the gradient of a residual r; is

Gn 877 T
Vn(m) = |:8:L‘17'”7(9$n:|

The gradient of the cost function can be written in either of the two forms

The notation V2 = VV7T is commonly used for the second order derivative, which is the
Hessian

82 f 92 f
82 Ox1011 T 0w10%n
V(@) = vV ) = { L@ (457)
0,01 Y Y
drndxr1 °°°  Oxndxn

where the notation V? = VV7T is commonly used. The Hessian is found to be

N

V2 f(z) =VVTf(z) =) V(r;Vr) ZV“V n—i—ZnV r;

=1

The terms V?2r; are somewhat complicated to compute, and they appear in multiplication with
r;, which will be close to zero when « approaches the optimal solution. Therefore, the Hessian
will often be approximated by

Vif(x Z ViV (458)

This is easy to compute, which will be seen in the following.

The Jacobian of the problem is the matrix of first-order derivatives of the residuals, that is,

or; 372 ggi Vi
J = LI : .. : = : 459
=-{a} o || o 0
8$1 E 'rN

The gradient of the objective function can be expressed in terms of the Jacobian as
V(@) =J() () (460)

Moreover, the Hessian can be written in terms of the Jacobian as

Vif(x szv ri = J(x) J () (461)

i=1

where the second order terms V?2r; has been left out.
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The nonlinear least-squares optimization problem is solved by defining a linear least-squares
problem at each iteration k. This is done by defining a quadratic approximation of the objective
function based on the Taylor series expansion of the objective function about @y, which is

Fl@e+p) = o) + V' F@p+ ol VI (ap + (462)

Here p is the increment from ;. Typically, the quadratic approximation of the objective
function at step k will be selected as

ms(p) = Flwx) + v I (@)p + 597 () T (e (463)

which is optimized with respect to p in a linear least-squares problem. The optimal solution
for p is found by setting the gradient of my(p) to zero. From

Vg (p) = J (@) "7 + J ()" T (z1)p = 0 (464)

The step pg is calculated as the optimal solution of this equation, which is found from the
normal equations

J(2) I (2)pr = I (2)"r (465)
The solution at step k + 1 is the calculated from the update equation

Tp41 = T + Di (466)

The optimization is then repeated at xyy; as a linear least-squares problem with objective
function my11(p) = f(zr41) + LI (2p1)p + 30T T (@h1) T T (@441)p to calculate @y 2. This
iteration is continued until the solution has converged according to some convergence criteria
like

I =prll ) 9 (467)
sl
7 1 f (rer) — F i)
Tp+1) — J Lk
0.0001 468
@l (468)

12 TIterative inverse kinematics

The inverse kinematics problem is the problem of calculating the joint vector when the posi-
tion and orientation of the end-effector is given. This is widely used in applications where the
position and orientation of the end effector can be specified to perform a task like gripping
an object, or performing a spot welding operation. The inverse kinematics can be done ana-
lytically where the joint angles are calculated from the end effector position and orientation
using geometric relations. The is possible for certain types of six-joint manipulators, like the
anthropomorphic manipulator with a spherical wrist joint, or manipulators where joint axes 2,
3 and 4 are parallel. Alternatively, the inverse kinematics can be solved iteratively using the
manipulator Jacobian.
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12.1 Resolved motion rate control

Resolved rate control was proposed already in 1969 by Dan Whitney [21], primarily for use
in teleoperation, where an operator controls a manipulator in a master-slave arrangement or
with a joy-stick. In a master-slave arrangement the operator moves a master manipulator,
and the slave manipulator follows the motions of the master. This was used for handling
hazardous material in connection with research and experiments of radioactive material, and
for handling of biological experiments. In the first installations of such systems the operator
would watch the slave manipulator through a protective window, and control the handling of
an experiment with a master manipulator. Later this was rearranged for remote operation
where the operator watched the slave on a video screen, and the signals between the master
ans the slave manipulators was transmitted a over a communication channel.

The idea of resolved motion rate control was to control the motion of the end effector of
the remote manipulator by commanding the velocity and the angular velocity of the end
effector, and then compute the required joint rates. Then it was not required to have a master
manipulator to command the velocities. Let the joint variables of the remote manipulator be
given by g, let the velocity of the remote end-effector be v, and let the angular velocity be w.
Then

[ Y ] = J(q)q (469)

where J(q) is the geometric Jacobian. Given the commanded velocities v and w from the
operator, the required joint velocities are found from the resolved motion rate control

a=s@7| 2] (470)

Since the velocity is controlled, there is a need to correct from information on position and
rotation of the end effector. In this scheme this is done by the operator, who watches the end
effector through a protective glass, or on a monitor screen.

12.2 Inverse kinematics

The inverse kinematic problem is the computation of the joint vector g corresponding to a
desired configuration given by

(471)

| Ra pd
L I L

where R, is the desired rotation matrix, and pg is the desired position vector.

There are two methods for solving this problem. One is the analytic approach, where geometry
is used to derive equations that are used to solve for the unknown q. These equations are in
general nonlinear, and there will in general be several solutions. Analytic solutions are available
for manipulators that satisfy certain criteria on the geometry. One type of manipulators that
have analytic solutions is manipulators where there are three intersection wrist axes, which
is the case for many industrial manipulators. The other type of manipulators that have an
analytic solution for the inverse kinematics is manipulators where joint axes 2, 3 and 4 are
parallel, like the UR5 and the Cincinnati Milacron T3.
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The other method for computing the inverse kinematics is the iterative approach, where the
inverse Jacobian of the manipulator is used in an iterative solution. This approach can be
applied for all serial-link manipulators. Both the geometric Jacobian and the analytic Jacobian
can be used in the iterative inverse kinematic solution.

12.3 Inverse kinematics using the analytic Jacobian

Suppose that the desired position and orientation of the end effector is given by

Tq= [ Zz ] (472)

where the rotation is described by the vector ¢4 with 3 elements. The deviation in the position
and orientation vector is
e=xy—x,=xs— h(q) (473)

Separation of the position and orientation part gives

2 )-Tac]- (5] o

The joint vector gy corresponding to the desired configuration &4 = h(qy) can then be found
by nonlinear least-squares problem with objective function

1

f(@) = 5[h(g) = =] [h(g) - =] (475)

where » = h(q) — x4 is the residual vector. The Jacobian of this nonlinear least-squares

problem is
h.
7a={ 5 (476)
j

which is the analytic Jacobian of the manipulator. The normal equation to be optimized at
each iteration is therefore

Ji(ar)Ja(ar)Aq = Ja(ar) (24 — h(gk)] (477)

When the manipulator is not in a singular configuration the Jacobian will be invertible, and
the optimal step is found to be

Agj; = Ja(qe)  [®a — h{qy)] (478)

This is repeated until the deviation x4 — h(gy) is sufficiently small. This method converges
fast, and if the starting point is close to the correct value, the method will converge reasonably
well in one iteration.

The algorithm is:
e Input tolerance § > 0, x4 and the initial value for g
e while ||e]| > ¢
* Calculate h(q) and J4(q).
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* Calculate the error e = 4 — h(q)
* Update ¢ := q + Ju(q) [z — h(q)]
e end

In the case that the manipulator is moving along a trajectory given by a desired position and
velocity x4(t), it may be sufficient with one iteration per time-step t.

An intuitive explanation of the update equation can be made by observing that & = J4(q)q
implies that for small steps the increment in & can be related to an increment i g as Ax =
J(q)Aq, which gives Aq =~ J(q)~'Azx. Therefore, an increment Az = x4 — h(q) that will
bring the manipulator to the desired position and orientation given by x4, can be approximately
achieved with the increment Aq = J,(q) '[x4 — h(q)]. By repeating this correction the error
is & can be made sufficiently small for a given accuracy requirement.

12.4 Inverse kinematics using the geometric Jacobian

Iterative inverse kinematics can be solved in terms of the geometric Jacobian. In that case the
error vector can be written in the form

e= [ ©r ] (479)

€o

where
€, = P4 — Pe = Pa — hy(q) (480)

is the error in position, and the vector e,, which is of dimension 3 is the error in orientation.
In this case there is no 3-dimensional vector that describes the orientation of the end effector,
and the situation is therefore different from the solution using the analytic Jacobian where the
deviation in orientation was given in terms of the Euler angles.

The deviation in orientation is described by
R = RyR} (481)

which is a result of describing the deviation from R, to R; by Ry = RR,. Let the angle-axis
parameters for R be 6 and k. Then R is given by R = I 4 sinfk™ + (1 — cos0)k* k™, and
the deviation from R, to Ry is described by a rotation by an angle 6 about the axis given
by the unit vector k. The usual solution is to describe the error in orientation by the Euler
rotation vector e, = sin fk. This vector is easily computed, and has the required characteristic
of giving a step in the right direction.

It is noted that w = J,(g)g. This means that an increment ae, in rotation can be achieved
with the angular velocity w = wk over a time interval of At where Atw = asing = ||ae,||.
The corresponding increment in g is Aq =~ gAt, which therefore satisfies ae, =~ J,(q)Aq.

Combining this with the translational part, it is seen that an increment in g can be related to
the deviations e, and e, by

[ e” ] - [ o) ] Aq = J(q)Aq (482)



and the increment is g can therefore be found from

Ag=J(q) e (483)

An iterative scheme can therefore be implemented with the algorithm:
e Input tolerance § > 0, Ty and the initial value for g
e while ||e|]| > ¢
* Calculate Te(q) and J(q).
* Calculate the error in terms of e, and e, from T, and Tjy.
x Update q := g+ J(q) ‘e

e end
12.5 Combining resolved rate and iterative inverse kinematics

A manipulator that is moving along a desired trajectory defined by Ty(¢) € SE(3) and its
time derivative Td(t) will have a desired position and orientation for the end effector that is
depending on time ¢t. The desired velocity vg(t) and wy(¢) will also be time dependent and
depending on T,;. The corresponding desired joint velocity vector will be given by

. 1| va

=@ | 2] (181
Wq

Suppose that the desired trajectory is defined at a sampling interval h, which means that the

trajectory is given at discrete time instants ¢, = to + kh, k =0,1,2,..., N with an interval h

between t and f;4+;. Then the resolved motion rate control gives the joint velocity

auttr) = I(atee) ™ | 20 (485)

at time ¢5. If the manipulator starts at ¢ = ¢y with the correct joint position g(tx) = qq(tx),
then it will approximately follow the trajectory when the resolved motion rate control is used,
but it must be expected that some deviation Aq(tx) = qq(tx) — q(tx) will develop as time
increases. Moreover, if there is a initial nonzero deviation at t = tg there is a need to correct
the motion of the manipulator to ensure that is converges to the desired trajectory.

The solution is to use resolved motion rate control in addition to iterative inverse kinematics,
where the initial value of the joint angles a time #;,, is calculated from the joint position at
time t; using resolved motion rate control, and then the iterated inverse kinematic is used to
correct the joint position at #5;.

The algorithm is:
e Input tolerance ¢ > 0, Ty(tx), K =0,1,1,..., N and the initial value for g
o fork=1,...,N
x th =tp_1+h, q:=q+hJ(@) o), wi]"
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* while ||e]| > 0
+ Calculate T, (q) and J(q).
* Calculate the errors e, and e, from T, and Ty(ty).
+ Update g :=q + J(q)"'e
* end
* end
e end

When the manipulator is following a trajectory, and the initial configuration q is computed
so that the initial deviation e is small, it is reasonable to assume that the deviations will be
sufficiently small so that the iterative scheme will converge in one iteration.

12.6 Damped least-squares in inverse kinematics at singularities

The inverse Jacobian matrix is used in the iterative methods for inverse kinematics. A problem
with this is that the Jacobian will be singular in certain geometric configurations. As an
example, many industrial robot have a so-called spherical wrist where the joint axes 4, 5 and 6
intersect, and the joint angles are the ZY Z Euler angles. Then the Jacobian will be singular
when joint axes 4 and 6 are parallel, which occurs in the middle of the working area with
05 = 0. In the singularity the inverse Jacobian will be undefined, and the inverse kinematics
based on the use of the inverse Jacobian cannot be used as there will be a division by zero
in the solution. Moreover, close to a singularity, the magnification related to the division of
a number that is close to zero will give joint rates that will tend to infinity, which in practice
will cause the safety systems of the robot system to switch off the robot system.

Consider a 6-link manipulator. Let the singular value decomposition of the Jacobian be given
by

6
J=3 o’ (486)
i=1
Then the inverse Jacobian will be
51
JP=) —put 487
; viu (487)

In the damped least-squares solution the inverse Jacobian J~! is replaced with the damped

least-squares inverse [2]
J = (JTr+ X0 tgt (488)

which has singular value decomposition

7= UZLUWT (489)
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It is noted that J—' and J* has the same vectors v; and u;, i = 1,...,6. The difference is in
the amplification factors which are

0j 0

while o
[

13 Screws
13.1 Introduction

Screws provide a powerful mathematical tool for describing important geometric objects. This
includes the description of lines, which is very elegant in terms of screws. Moreover, the
resultant force and torque acting on a rigid body can be described with a special type of screw
called a wrench, while the velocity and angular velocity of a rigid body can be described in
terms of a twist, which is also a screw. Screws can be described in a coordinate-free form, or
as coordinate vectors. Screws has certain transformation rules related to rotation and change
of reference.

13.2 Lines in 3D

Before the definition of a screw is presented it is useful to present the geometry of a line in 3D.
A line in 3D will have 4 degrees of freedom, which means that it can be described in terms
of 4 parameters. This is explained in [5] by considering a line and its intersection with two
planes, which can be the xy and the zz plane. The line will be uniquely determined by the
two intersection points, where each intersection point is given by two parameters. Therefore
the line is can be determined with 4 parameters. Now, this example can be used to explain
that a line has 4 degrees of freedom, still this is not an efficient way of describing a line, as
the description will be undefined if the line is parallel to the z axis, so some other description
should be used.

A line can be described by the positions p’and ¢ of two points on the line, which is a 6-parameter
description. Then the position of all points on the line and a direction vector @ along the line.
Then position of all points on the line can be given as A\p'+ (1 — \)g. A direction vector @ of
the line can be defined as

i=p—q (492)
Then the equation for any point on the line can be writteng+ A@. This shows that a line can be
described by a point § on the line and a direction vector @. This description has 6 parameters.

The screw description of the line is derived on the description of a line in terms of a point on
the line and a direction vector. This is done by defining the moment

— —

m=pxda

of the direction vector with reference to the origin of some reference frame. Here §'is the vector
from the origin of a reference frame to a point on the line. Then, if § is another point on the
line, it is convenient to define ¢ as the point on the line m =p'x @ = (§+d) x d =g X a.
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Next, it is assumed that the direction vector is a unit vector so that |@| = 1. moreover, it is
assumed that ¢ be the point on the line that is closest to the origin. Then the moment is given
by

m=qxda (493)

where the three vectors are orthogonal, and therefore @ x 1 = 0. In addition it follows from
|@] = 1 that |7| = |g], and that the vector ¢ can be found from

q§=axm (494)
This shows that if @ and m is given, then the point ¢ on the line can be found.

It has then been established that a line can be described in terms of the direction vector 4,
which is a unit vector, and the moment 77:. This is a description in terms of 6 parameters with
the two conditions |@| = 1 and @ x /m = 0, which is in agreement with the fact that the line
has 4 degrees of freedom. In the following it will be shown that the two vectors avec and mvec
can be represented in terms of a screw describing the line.

QL

3
<y

Figure 23: The direction vector @ and moment m = ¢ X a of a line.

13.3 Definition of a screw

A screw is a pair of vectors and a screw transformation rule. A screw § is written
§ = (i, v) (495)

where 4 and ¥ are vectors characterized by their magnitude and direction.

A screw is referenced to a reference point, which could be the origin of a frame. Let 3, be a
screw that is referenced to the origin of a frame denoted by a, and let 5, be the same screw
referenced to the origin of the b frame. Then the screw will satisfy the screw transformation
rule

3y = (4,7), 8y = (U,T+ Pap X U) (496)

where Py, is the vector from the origin of a to the origin of b.

Computation on screws satisfies the following rules.
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Multiplication with a scalar « is done by
a8 = (at, ab) (497)

Addition and subtraction of screws is done component-wise. Let 51 = (i1, 01) and 85 = (i, ¥o)
be two screws. Then

51 + & =(ily + iy, 5y + 1) (498)
1 — §2 :(Z_[l — ﬁz,ﬁl — 172) (499)

The scalar product and the cross product is given by
Uy - Uo, Uy « Vg + Uy - V1) (500)
0

§1 X 8y =(u1 X Uy, Uy X Uy + Uz X V1) (501)

13.4 Coordinate representation of screws

—

A screw § = (@, ) can be represented in coordinate form as

- (2]

where u and v are 3-dimensional column vectors. Curly braces are used to show that this is
not an ordinary vector but a screw, which is defined with certain calculation rules.

A screw S, with reference point ¢ is transformed to a screw S; with reference point d by

I 0
Sy = [pic I]sb (502)

when the vectors are given in the coordinates of the same frame.

The product of a scalar « and a screw S is
aS = { au }
av
The sum and difference of two screws are component-wise, that is,
U % U] + Ug
= 503
RES b R ey, 09
0 b R . 09
1 V2 V1 — V9
The dot and cross products for screws are given by
wr ) U2 | _ U182 (505)
V1 V9 Ul - Vg + U1 - U2
DR ) 8 PRy 00
V1 V2 U1 X 2+ v1 X us
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13.5 Screw description of a line

Consider the 3-dimensional Euclidean space R? with origin at the point O. Consider a line L
that passes through the two points P and ) with positions ¢ and ¢ relative to the origin O.
The unit vector @ = (§— p)/|¢ — p] is a vector along the line L, and is said to be the direction
vector of the line. An arbitrary point on the line will have position 7= '+ Ad = (1 — A\)F+ A7
for some real A\. The line is therefore determined by the two points " and ¢. The moment of
the line is M = p' x @.

The line can be described with the unit direction vector @ and the moment 172. These two
vectors can be represented in terms of a screw as

['=(a,m) (507)

The moment is perpendicular to the direction vector, which means that m - @ = 0. According
to convention the description of a line is normalized so that the direction vector is a unit vector
satisfying |d| = 1.

Suppose that the moment is given with respect to the origin of a frame b as 7, = ¢, x a.
Then the line is given by the vectors @ and m;. Next, suppose that the moment is given with
reference to the origion of frame ¢ as m. = ¢, X @ where §. = ¢ + pp. and Py, is the position
vector from the origin of frame b to the origin of frame c¢. Then the line is given by the vectors
a and M. = My + Ppe X d. This shows that tha line is transformed by a screw transformation
when the reference point is changed.

q

L

Figure 24: A line L through the points at p and ¢ with direction vector a.

13.6 Lines and screws

—

Consider a screw § = (@, 7). Let the first vector be written 4@ = ad where @ is a unit vector
and « = |i|. The second vector can be written

—

U= v + v (508)
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Figure 25: A line L with unit direction vector @ and moment 77 = § X @. The radius of the
sphere is equal to the magnitude of m. Note that the line is tangent to this sphere at ¢*, which
is the closest point to the origin on the line.

— — —

where @) = (@ - ¥)d is parallel to the first vector 4, and ¥} = (@ X ¥) x @ = —a@ x (@ x ¥) is
perpendicular to .

Consider the line I = (@,) where /7 = ¥, /o is the moment of the line. Then §= @ x m =
d X U] /e is the position of the point on the line that is closest to the origin. Then the second
vector can be written

— —

7= a[m+ (d-v)d (509)

and the screw is
§= a(d,m+ had) (510)

where h = @-#/a is called the pitch of the screw. This screw is said to have the line [ = (&, 1)
as its screw axis. The screw is obtained from its screw axis by multiplication of the line with
the scalar «, and by adding a term ahd to the second vector.

() -{u k)

- (512)

In coordinate form the screw is

where

h=—— (513)
is the pitch of the screw.
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The screw axis is the line
{ , } ; { y }
|_ = = —
m o v

The screw can be expressed in terms of the line parameters as

a
S_a{ m+ha}

It is seen that a screw with zero pitch is a line multiplied with the scalar «.

A screw with infinite pitch can be identified with a line at infinity. This is best seen by adjusting
the scaling so that psa = 1. Then

. aa 0
lim =
Ps—0 | ag X a+ apsa a
psa=1

which is a line at infinity.

13.7 Change of reference point of a line by a screw transformation

Consider a line I, with reference point at the origin of a frame c¢. The line is written in the
form l_; = (@, m.) where the moment M, = p, X @ depends on the vector j, from the reference
point of frame c¢ to the line. The same line can be referenced to the origin of a frame d. This
the line is represented by the screw Iy = (d@,mq) where the moment is 74 = Py X @ where py is
the vector from the reference point of d to the line. It follows that

Mg = Me + Pge X A (514)
where py. = pg — Pe is the vector from d to ¢. The transformation of the line is therefore given

by

— —

le = ((_7:, mC)a d = ((_7:7 Me + Pde X (_7:) (515)
This is a screw transformation.

In the coordinate form the screw transformation will be combined with a coordinate transfor-

mation. Consider the line
aC
LS = { } (516)
C mE
The line is referenced to ¢, and it is given in the coordinates of ¢. The same line can be given

Ld = { add } (517)

my

as

where the line is referenced to frame d is and is given in the coordinates of d. The vectors of
the line are transformed according to

' = Rlaf, = Rl + (o) Rla’
The screw transformation is therefore given by

d
Ld = R, 0 1L (518)

(p%) R{ R |
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Note that in the coordinate form the screw transformation is a coordinate transformation due
to R? and a transformation of the reference point, which is due to the term (pg o)

Note that the screw transformation can have a coordinate transformation that is different from
the transformation of reference point. As an example from robot kinematics, the line of joint
axis ¢ is given by Lg when it is referenced to frame 4 and given in the coordinates of 4. This
line is transformed by the screw transformation

L 519
“lowr re ]S o

to be referenced to the end effector frame e and given in the coordinates of of the base frame
0.

13.8 Dual numbers

Screws are often represented i dual form, which gives efficient rules for computations. To
introduce this it is necessary to first give a basic introduction to dual numbers, starting with
dual scalars. Dual scalars and dual functions are useful in several other applications, like
automatic differentiation of functions.

A dual number & is given by
a=a-+ed

where a and o’ are real numbers and ¢ is the dual unit that satisfies € # 0 and €2 = 0.

Let two dual numbers be given by a@ = a + ea’ and b= b+ eb'. Then addition and subtraction
is done component-wise

a+b=a+b+eld+V) (520)
a—b=a—b+e(d —V) (521)

Multiplication is performed as if the numbers were polynomials in £, which gives

ab= (a+ed)(b+eb) =ab+ e(ab + a'b) (522)
The square of a dual number is found by multiplication to be

a? = aa = (a +ead')(a + ed') = a* + 2cad’ (523)

Division is done as follows:

A /
e =
/ /
.
_ab+ s(c;;b —ab') (526)
:% L eb—ab = ab (527)
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The inverse of a dual number is therefore

1 1 o
= == -2 (528)

z+er x 2

8] =

The square root of a dual number 4 = a + ca’ with a > 0 is

al

Vi =+va+ NG (529)
which is verified by
a \? a’
(\/E—FeM) :a+£2\/&2\/&:a+5a':d (530)

This is consistent with the expression of square of a dual number a = a + €a’, which is seen

Va2 =+/a? + 2caad’ = Va2 +¢

from
=a+ted =a (531)

2aa’
2V a?

13.9 Screws represented by dual numbers

A screw

can be represented by the dual vector
S§=u+ev=s+¢es

where s = u and s’ = v. Computations can be performed on the dual vectors in the same
way as computations are done on real vectors with the additional rule that e = 0. This is
obviously the case for addition and subtraction of the two screws §; = s1 + £8) 82 = 89 + £35,
which gives

814 82 = 81 + 80 + (8] + 85) (532)
§1 — .§2 =81 — 89 + 6(8’1 — 8’2) (533)
while the dot product is
8182 = (s1+es)) - (s2+esh) (534)
=51 -8 +e(s1-8y+ 8} 82) +es) -8 (535)
=81 89 +¢e(s1- 8+ 8] 82) (536)

Likewise, the cross product is found to be

81 X 83 = (81 +¢e8)) x (82 +es8h) (537)
=81 X 8y +£(8) x 8 + 8} x 89) + 28] x &), (538)
= 81 X 82 + (81 X 84 + 8] X 89) (539)
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13.10 Dual representations of a line

The screw vector representation of a line [= (@, m) is given by

L:{ a } (540)

where a is the unit direction vector of the line and m = p*a is the moment, where p is a
point on the line.

The dual form of the line is
l=a+em (541)

13.11 Dual functions

A function f(z) of z can be defined as a function f(Z) of the dual number Z = z + ez’ through
the Taylor series in 2’ about 2’ = 0. This gives

G@) o, L0

N2
Lt e s () +...

f@) =flz+ex’) = f(z)+e

Then because € = 0, this gives the remarkable result

£@) = fla) + e

Note that this is not an approximation, the function of the dual number is actually the function
of the real part plus a dual part which is the derivative of the function.

Dual functions are important in screw theory, and is in particular used for the dual angle
0=0+ed

which is an angle 6 plus a dual part which is a distance d. The sine and the cosine of the dual
angle is found from the Taylor series expansion to be

sinf = sin 0 + ed cos 0 (542)
cosf = cos® — edsin 6§ (543)
tan 0 = tan 0 544
an anf + S~ (544)
This is in agreement with
. sinf  sin@ dsin? 0 + d cos? 0 d

tanf = - = =tanf +ec——— 545
an cosh cosf ¢ cos? 0 ang+e cos? 0 (545)

It is noted that A A
sin? 0 4 cos? 6 = 1 (546)
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which is verified by the calculation
sin” 0 4 cos? 6 =(sin 6 + de cos 0)? + (cos 6 — de sin §)?
=sin? 0 + 2de sinf cos @ + cos® 0 — 2de sin f cos @
=sin? 0 + cos? 0

Moreover, there are dual trigonometric identities in the form

R 0 )
S11 S11 2 COS 2

A 0 0

0= 27 a2
COS COS 9 S11 B

which are direct extensions of the usual trigonometric identities. This is validated by

2singcosg =2 (Sine —|—€gCOS 9) (cose — 6dsin9> =sinf + edcosf

2 2 2 2 2 2
and
cos” 5 —sin” 5 = (cos@ — desin€)” — (sinf + de cos 6)
0 0 0
— 27 _gin22l — in — Z
= cos” 5 —sin” 5 2d681112COS2

= cos0 — edsinb

It is noted that
2sinf cos @ = sin 260 = sin 20 + ed cos 260

13.12 The scalar product and the vector product of two lines

(547)
(548)
(549)

(550)

(551)

(552)

(553)

(554)
(555)

(556)

Consider two lines il = a1 +eq; X a1 and ig = a9y + £q2 X ay. The cross product of the two

lines is given by

[1 X ig :(a1 +eqp X al) X (ag + £qo X ag)

=a; X az +€la; X (g2 X az) —az x (q1 X ay)]

(557)
(558)

Let n be the unit vector that is normal to the direction vectors as and ag so that a; x as =
nsind, and let B = n + €q; X n be the line with direction vector n through the point q; on
ly. Further, suppose that the two points g; and g2 are selected so that go = q; + dn where d

is the distance between the lines. Then
I} x Iy =nsind + ela; x ((q1 + dn) x az) — az x (g1 X a1)]
=nsinf + cla; X (g1 X a2) + a2 x (a1 X q1) + da; x (n x az)]
=nsinf + ¢[q; X (a1 X a2) +da; x (n X az)]
=nsinf + (sinfq; x n + dcosfn)
=(sinf + edcosf)(n + cq1 x n)

=sinfn
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In the derivation the Jacobi identity a; X (g1 X a2) + a2 X (a1 X q1) + q1 X (a2 x a1) =0 is
used, and the identity a; x (n X a2) = (a1 - az)n — (a1 - n)ay = cosfn of the triple vector
product.

The scalar product of the two lines is given by

il '[2 =(a1 +£q1 x a1) - (a2 +£q2 X az) (565)
=a;-az+¢la - (g2 X az) +az- (q1 X a1)] (566)

The triple scalar product rule (u X v) - w = (w X u) - v = (v X w) - u can be used to give

Iy -1y =a1 ay+e[g2- (a2 x a1) + q1 - (a1 X a)] (567)
=a; a3 —¢€[(g2 — q1) - (a1 X az)] (568)
=a; - a2 —€[dn - (nsinb)] (569)
=cosf — edsinf (570)
—cosf (571)
This shows that the vector product of two lines l; and Iy is given by

I, x Iy, = sinfn (572)

where 1 is the common normal of the two lines. The scalar product is given by
I, -1y = cosf (573)

The dual angle 0 =0+edis given by the rotation angle between the two lines around the
common normal 73, and the translation d from I; to ls along the common normal.

13.13 Calculation of the common normal

Consider two lines {; = I; + £l'y and Iy =I5 + £l'y. The cross product is
Iioxlo=11 xly+e(ly x Uy +1'1 x 1y) (574)
The cross product was found to be
I, x Iy = sinfl, (575)

where [,, is the common normal of the two lines, and the displacement from i tols is given
by the dual angle 8 = 6 + ed about the common normal. Let § = sin6l,, be the screw of the
cross product. Then

-5 = (sinbl,) - (sinbl,) = sin%(l, - 1,) = sin 6? (576)
and it follows that A
§-8=sinb (577)
and the common normal is found from
I x 1.
L, = ke (578)

\/(il X iz) . ([1 X ig)
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13.14 The intersection of two lines

Consider two lines I; = I + el and Iy=1y+ el!, with scalar product

~ ~

I, -1y =cosf (579)

It is seen that if o
li-1,=0 (580)

then cos = cos@ — edsin® = 0 which implies that cosf = 0 and d = 0, which implies that
the two lines are perpendicular, and in addition, that they intersect. Note that the point of
intersection is not determined by the condition (579).

Next, consider two screws §; = ézlil and 8, = &2[2 with intersecting screw axes in form of
the lines I; and l,. Then the scalar product of the screws is zero, which is verified with the

calculation ) ) o
818 = (&nly) - (Gala) = duda(ly - 1) =0 (581)

which again implies that cos@ = 0. This means that the two screws intersects at a right angle.

;FheA two lines I; and Iy are said to be reciprocal if the scalar product is real, that is, if
l{-15 = cosf and
dsinf =0 (582)

Two cases are possible. The lines are reciprocal if d = 0 and the two lines intersect, or if
sinf = 0 and the two lines are parallel.

Consider the two screws §; and 8§92, and let &; = a;(1 + €p;). Then
8182 = aqazcos @ + e((p1 + p2) cos§ — dsin)] =0 (583)
The two screws are reciprocal if
(p1 + p2) cos@ — dsinf =0 (584)

which implies that
dtanf = p; + p2 (585)

13.15 Dual magnitude of a screw
Let the line L be given by dual vectors as
l=a+eqxa (586)
where a is a unit vector and the magnitude of the line is unity. It is seen that
l-l=a-a=la*>=1 (587)

The magnitude of a line is therefore unity.

Let the screw S be given in the dual formulation by

§=3s+es' =afa+e(gxa+pa) (588)
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where s = aa and s’ = a(g x a + psa). Then the screw can be written
s =al (589)

where
&= a+eap; (590)

is the dual magnitude of the screw §. This is seen from the calculation

ol = (a+eapy)(a+eq x a) = aa+elag X a + apga) = 8 (591)

The dual magnitude is found from
ad=V§-§ (592)

which follows from & - 8 = &1 - [ = &2. This is verified with the following computation
5-5=ocalate(gxa+psa)l-alate(gxatpa)] =a’(a-a+2epsa-a) = a’®+2:a’p,) (593)

which gives

Vi-5=1/a?+2e02p, = a+cap, = @ (594)

If the screw § is given, then the line I can be found from

3

= 595
Va3 (3%)
This is verified by
N N ! 1 .
8 :izﬂ:f+gw:l+gqxa:l (596)
s$-8 o o+ eapg a o

13.16 Screw description of a coordinate frame

Consider a coordinate frame with orthogonal unit axes e, ez, es and let the position of the
origin be 0. Then the coordinate axes will be the lines

é1 =ej + e} (597)
é) =ey + cel) (598)
é3 =e3 + cejy (599)

where e, = o x e; is the moment of the coordinate line. Note that with this screw discretion
of the coordinate axes, the position of the origin of the frame is encoded in the representation
through the moment.

It is noted that the common normal of the coordinate lines é; and € is é3. In the same way,
the common normal of és and és3 is €1, while the common normal of é; and é; is é;. From
the general expression for the cross product of lines, it follows that

€| X eg = é3, ég X é3 = é1 and ég X é1 = é2 (600)
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13.17 Decomposition of a screw along the coordinate axes

Consider the screw
§=s+¢es

The dual coordinate of § along the coordinate axis é; is
5, =8-é,=s-¢;+¢c(s-€;+5 - ¢)
Consider
5;6;=[s-e;+e(s-€;,+3s - e)e +ce)
=(s-e)ei+¢<[(s-€i)ei+ (s e))ei+ (s-eie)
An interesting result is found by using the two results

(s-€i)e; =(s- (0% e;))e; = (e;- (s x0))e;

(s-e))e, =(s-e)oxe, =—(s-e)e; xo

Summation over the three dimensions gives the two results

3 3
(s-€)e; :Z(ei (sxo0))e,=8xo0
3 3
Z(s -ej)e, = — Z(s ‘ej)e; X 0=—8 X0
i=0 i=0
Then, it follows that
3 3 3
Zézéz = Z(s cej)e; + 62(3’ e;)e; =8 +es
=0 =0 1=0

This shows that
8§ = 5161 + §9€9 + §3é3

(601)

(602)

(603)
(604)

(605)
(606)

(607)

(608)

(609)

(610)

This means that a screw can be decomposed in its components along the coordinate axes

€1, és, é3 where the dual component along the coordinates axis €; is §; = § - é;.

13.18 Decomposition of a line along the coordinate axes

Consider the line )
l=1+¢el

The line is described in terms of the coordinate axes é1, és, €3 as
[: Zlél + ZQéQ + igég

where the coordinates are

]
S
Il
&~
0>
<
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Example:

Suppose that the line is displaced from €; by a dual angle 6 = 0 + ed about é3, where é3 is
the common normal of I and é;. Then

I=(-é)é + (- é)éy (614)

Note that there is no component along é3, as this coordinate axis is normal to [. Then

[-é =cosf, [-éy=sinf (615)

It follows that R R X
l = cosfé; +sinbés (616)
O

Example:

A direct computation of the same result is done as follows: Suppose that the line [isis initially

aligned with é;, and the displaced by a dual angle 6§ = 0 4+ &d about é3. This means that
[=5+e(o+de3) xs (617)

where s = cosfle; + sin fey is the resulting vector when e; is rotated by an angle § around the
z axis. This gives

I =cosfe; + sinfes + g(o + deg) x (cosfe; + sinfbes)
=cosfe; + sinfey + e(cosfo x e; + sinfo x ez + dcosfes — dsinbe;)

=(cosf — edsinf)e; + (sinf + ed cosf)es + e(cosfo x e + sinfo x e3)
:coséel 4+ ccosfo x e; + Sinéeg + esinfo x ey
=cosf(e; + o0 x e1) +sinf(es + 0 x ey)
= cos éél + sin éég
It is seen that X R X
l =cosfeé; +sinbé; (624)

is the resulting line when the line é; rotated by an angle 8 around z and in addition translated
a distance d along the same axis. O

In the same way the line i R R
k = cosféy + sinfeés (625)

is the line that results from rotation of the line é> by an angle 8 around the z axis and
translating a distance d along the same axis, while

o = cos fés + sin fé, (626)

is the line that results from rotation of the line é3 by an angle # around the y axis and
translating a distance d along the same axis.
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14 Velocity and angular velocity in terms of a twist
14.1 The twist corresponding to the derivative of a displacement

A twist is a screw which represents the velocity and angular velocity of a rigid body B [11].
Let the motion of the rigid body be described by a homogeneous transformation matrix

._[ B P
m— | & P (627

from frame a to frame b, where a is a reference frame, and frame b is fixed in the body B. Let
the angular velocity from a to b be given i a coordinates as (w?)* = RZ(R$)T, and let the
velocity of the origin of b relative to the origin of a be v{, = p?,, so that

a

. WENVXRE gl
TP = [ ( “%)T v S ] (628)

This shows that the time derivative of the homogeneous transformation matrix Ty' depends
on the angular velocity w¢, and the velocity v%,. From the transformation rules (wl)* =
Rg(wgb)XRT and vy, = Rgvgb, it is seen that this can also be written in terms of the coordi-

nates in the b frame as

. RY wb X Ra,vb
Ty = [ b(OTab) bO ab ] (629)
The time derivative of the homogeneous transformation matrix can be written
R Re pb (wb )>< vb
a _ b ab ab ab

The twist of the motion of frame b relative to frame a referenced to b in the coordinates of b
is defined as the screw

b
b _ Wap }
t = (631)
Tt
The twist th /b has a matrix form
_ wb X ,Ub
tos/p = [ ( gbr) Sb ] (632)

Then the time derivative of the homogeneous transformation matrix can be written
Ty = Ty'th, ), (633)
which gives the following expression for the matrix form of the twist:
tonys = (T3) ' Ty (634)

Note that this means that the twist th /p Can be defined from the homogeneous transformation
matrix and its derivative according to this equation. This is a different approach from the
geometric arguments presented above. In the following, it will be shown that also the screw
properties of the twist follows from this definition.

108



14.2 Transformations of a twist

The derivative of the homogeneous transformation matrix can alternatively be developed with
the velocity and the angular velocity in the a fame. Then.

o _ | (wg)™ (Pgy) “way + gy Ry pg,
which can be written '
Ty =to Ty (636)
where y y
Q Q a a

is the matrix form of the twist

tob/a = { “ab } (638)

(pgp) “way + v,

which is the twist of the motion of frame b relative to frame a referenced to a in the coordinates
of a

It follows from Tba =t

3 /aTb“ = Tbafzb /b that the matrix form of the twists transforms according
to

tan/a = Ti'toss (T3 ™! (639)
It is straightforward to verify that the usual transformation rule

R} 0
a — b b
tab/a - (pgb) XRZ RZ tab/b (640)

for a screw is satisfied.

This means that t, Ja is the screw that is obtained from th n when the reference point is moved
by a distance —p{;, to the origin of frame a, and the coordinates are changed to the a frame.

The twist t2, /a is called the spatial velocity in [11], while the twist th /b is called the body
velocity. The velocity component (p%,)*wg, + v, in t¢, Ja is the velocity of a point fixed in
B that passes through the origin of point a. It is not obvious that this is a useful physical
velocity, but the definition of t7, Ja is important to establish the transformation rule for twists

that describe the velocity and angular velocity between two frames.

It is noted that
R} 0

“ “ “ 641
(o) Ry Ry (641)

AdTéI =

is called the adjoint transformation corresponding to T}'. It is seen that the adjoint transfor-
mation is the same as the screw transformation.
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14.3 Coordinate-free form of twists

A twist is a pair of vectors where one vector is an angular velocity, and the other vector is a
velocity. To be more specific, in the displacement T}, the twist of a frame b relative to a frame
a referenced to the origin of a frame r is the collection of the angular velocity @y, and the
velocity Ugp . The velocity U,/ is the velocity of a point fixed in frame b that passes through
the origin of frame c. In the case that r is the frame b this notation is simplifies as

Uab /b = Uab (642)
A change of reference point is done with

17ab/s = ﬁab/r + Wap X Prs (643)

The coordinate-free description of the twist of b relative to a referenced to r can then be written

Fab/r = (U_jab7Uab/r) (644)

The screw can be referenced to the origin of the frame s by the transformation rule

tab/s = (Lﬁ?r) : tab/r (645)
This gives
tabys = (1, Do) - (Pab, ap/s) = (Gaby Vapyr + Dab X Prs) (646)
where prs = —ps, is the vector from r to s, and p%. - oy = Psr X Tgp = Bap X Drs-

For the composite displacement T¢ = Tb“ch the angular velocity will satisty &op = Gap + Dpe,
while the velocity will satisfy ¥,/ = Uap/r + Upe/r- The twist of the displacement T;' referenced

to r is £, /r» While the twist of T? referenced to r is f;,c/r. Addition of the two twists gives
7E;Lb/r + t_;)C/T = (Wap + Docs Uab/r + ch/r) = (Wac, ﬁac/r‘) (647)
This means that the screw of the composite displacement is
t_:zc/'r = t_;zb/r + E)c/r (648)

This is easily extended to the composite displacements T} = Tb‘lTCdeC where the twist can be
written
tad/r = tab/r + tbc/r + +tcd/7" (649)

Note that the twists of a composite displacement can only be added if they are referenced to
the same point.

14.4 The instantaneous screw axis*

The instantaneous screw axis will be presented and discussed in this section. The instantaneous
screw axis has the property that if a twist is referenced to any point on the instantaneous screw
axis, then the velocity of the twist will be along the rotation axis. The instantaneous screw
axis is used in the derivation of twists in [1].
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Consider a rigid body B and let the frame b be fixed in B. The motion of the rigid body B
is described as a displacement T' of the frame b relative to frame a. The velocity U, = Vg
of the origin of b relative to the origin of a can be described as Vop = Ugp| + UgpL Where gy is
parallel to the angular velocity dup, and ¥4 is perpendicular to the angular velocity.

There is a line where the points fixed in B have velocity v)|, that is, the velocity is only in the
direction of the angular velocity. This line is called the instantaneous screw axis ISA [1]. Then
the velocity of a point fixed in B that passes through the ISA will have velocity

Tab/1SA = Ugp| (650)
A point P fixed in B that is not on the ISA, will have velocity given by ¥, p = ¥)|+&ap X PIsa, P,

where piga p is the vector from ISA to P. In particular,

Uab = Vab/b = Uap|| + Dab X PISAb (651)

Then the twist of the displacement fram a to b can be referenced to a point on the I.SA as

tab/isa = (@abs Vap)) (652)

If the twist is referenced to the origin of b, it will be
Fab /b = (Babs apl| + Dab X Po,18A) = (Fab Tap ) (653)

where the first component is the angular velocity of b relative to a, and the second component
is the velocity of the origin of frame b relative to the origin of frame a.

Example

An interesting case appears if the instantaneous screw axis (ISA) of the displacement from a
to b is a line through the origin of frame ¢ with direction vector k fixed in a. This will be the
case if the rigid body is attached to the frame a with a joint which has a rotation about the
ISA, and a translation along ISA. Then vy = vk where v is the magnitude of the velocity

Ugp||» and Wap = wk where w is the magnitude of the angular velocity &gp. This gives

tunyp = (wk, vk + whk X Pp) (654)

14.5 The twist of a rotation about a fixed axis

To establish the required background to describe the twist of the end effector of a manipulator
in terms of the twists of the joints, a simple mechanical system is studied where a link of length
h is rotated by an angle 6 about a fixed axis L. Let the frame b be fixed in the link, and let
the origin of frame b be at the end of the link. Let frame a be the fixed frame, and suppose
that the axis of rotation is through the origin of frame a in the direction of the z axis of frame
a. Then the twist axis of the joint referenced to frame a and given in the coordinates of a is

0

L:{g}, == 0 (635)
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The vector from frame a to frame b is pr = [h,0,0]", which is fixed in frame b. The homoge-
neous transformation from frame a to b is

b
Tél _ |: R(;’g‘g) Rz(?)pab :| (656)
The twist of the joint is .
t2,/, = 0L = { HOZ } (657)

Note that the twist is given in the coordinates of frame a, as indicated by the superscript, and
it is referenced to the origin of frame «a, as indicated by the subscript after the slash. The
angular velocity part of the twist is 0z, and the velocity is the velocity of the origin of frame
a, which is zero.

This twist can be transformed to the origin of frame b with the transformation

I 0 0z 0z
o= S Lo (o )
o0 = | mget) 110§ (Risly) o5
Note that this twist is referenced to the origin of frame b, but it is given in the coordinates of
frame a. Therefore, the screw transformation does not change the coordinates of the twist.

It is seen that if § = 0, then R® = I, and the twist is

0z
tab/b = { Ohy } (659)

where y = [0,1,0]", which is in agreement with the velocity of the tip being Oh in the Y
direction.

14.6 The twists of a composite displacement

Consider the composite displacement

a a
re—mer - | o P | (660)
where -
R p° R’ p
a __ b ab b __ c be
Tb - |: OT 1 :| 3 TC - |: OT 1 :| (661)

Define the twists

with vector form

Then the twist

toc/c = { Wac } (662)



of the composite displacement is given in matrix form by

toese = (T) 'Y (663)
= (T) Ty Ty T) + Ty TY) (664)
= () NT) "I + (1)) 'TY) (665)
= TbCEZb/b(TbC)71 + te/e (666)
= top/e T The/e (667)

It is seen that the twist of a composite displacement is the sum of the screws of the individual
displacements, where all screws are referenced to the origin of the same reference frame, and all
screws are given in the coordinates of the same coordinate frame, where the reference frame and
the coordinate frame may be different. As an example, the twist of the composite displacement
may be given in the coordinates of the a frame as

R O
e, = [ c ] t¢ 668
ac/e 0 thl ac/c ( )
where the vector form of the twist is used. This gives
tZc/c = tZb/c + tzc/c (669)

It is straightforward to extend this to the composite displacement T = Tb“TCij where the
twist can be written

tad/a = tapja T thesa + tea/a (670)

where the twists are referenced to the origin of the d frame, while they are given in the
coordinates of the a frame.

Example

Consider again the displacement T? = Tb“TCb . The twist of the composite displacement can be
referenced to the a frame through the transformation

EZc/a = Tcafcczc/c(Tca)_l = Tca (Ecczb/c + Egc/c) (T’ca)_1 (671)

Then it follows that
tgc/a = tgb/a + tgc/a (672)

where all the twists are referenced to a. Alternatively, this could have been derived from

toe/a = T(TH) ™! (673)

ac/a

14.7 The link twists of a manipulator

Consider a rotary manipulator link described by Denavit-Hartenberg parameters. Suppose
that this is link 1 of the manipulator, so that the transformation is from frame 0 til frame 1
according to the Denavit-Hartenberg convention. Moreover, suppose that frame 0 is fixed so
that the velocity of the origin of frame 0 is zero. Then, according to the Denavit-Hartenberg
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convention the joint axis is the z axis of frame 0, which has the coordinate vector z = [0,0, 1]T
in frame 0. The joint axis is through the origin of frame 0, which means that the joint axis is

the line
z
Lo = { o } (674)

which is given in the coordinates of 0 as a screw referenced to the origin of frame 0.

For a rotary joint the twist from frame 0 to frame 1 is then

0 . .

where the twist is referenced to frame 0. Note that the components of the twist are the angular
velocity of frame 1 relative to frame 0, and the velocity of the point in link 1 that is incident
with the origin in frame 0. Since link 1 is attached to the link 0 in joint 1, this velocity is zero,
else the joint would break apart.

For a prismatic joint 1 the corresponding twist is

0 .
t871/0 — { i } = diM(l]/O (676)

M?/O = { 2 } (677)

where the screw axis

is a line at infinity.

For the rotary joint ¢, ¢ = 1,...,6 the twist from frame ¢ — 1 to ¢ referenced to the origin of
frame 7 — 1 is found in the same way to be
T IUC ST T 678
i—lifi—1 0 —Vitii-r N1 T ) o (678)

where the axis of the screw is the line L;/*Zl_l

This twist is given in the coordinates of 0 and is referenced to frame e with the transformation

0 R?A 0 ). i—1 )1 0
titife = (°,_)*R%, RY, OiL; i1 = Oilise (679)
e,i— T— i—

The axis of the twist tg—l,i Je is the line

L0 = { 2 } (680)
i/e (p2;1) =),
0

where z;_; is the unit vector of the z axis of frame ¢+ — 1 in the coordinates of frame 0.
z) | = RY |z is computed as the last column of R? ;.

For the prismatic joint ¢, 7 = 1,...,6 the twist from frame 7 — 1 to i is found to be

; 0 . . . 0
1—1 _ . — 4.\ 1 =1 _ .
Y1 _{ diz } diM; )i My, { diz } (681)
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where the twist is referenced to the origin of frame 7 — 1. This twist is referenced to frame e
with the transformation

RY 0

0 _ 1 ingi-l 3 50
timife = [ (pg,z'—l) R?—l R?—l ]dzMi -t ddeMi/e (682)

/i

where the axis of the twist is the line at infinity given by

MY, ={ 0 } (683)

i1
14.8 Link twists and the Jacobian for a manipulator

Consider a manipulator with 6 links where the links are assigned according to the Denavit-
Hartenberg convention. The displacement of the end effector relative to the base frame 0 is
given by T2 =TTy ... T?. The twist of the composite displacement T? is written

wO
te/e = { vge (684)
€

where the twist is referenced to the end effector frame given in the coordinates of frame 0.

This twist can then be written as the sum of the joint twists t?ﬂ ife

0 0 0 0
tOe/e = tO,l/e + t1,2/e +...F t5,e/e (685)

Define the generalized coordinate of joint ¢ by

- J 0, joint ¢ is rotary
%= d;, joint i is prismatic

and define .
- LZ./B7 . J.omt z is r.otary.
! I\/I?/e, joint 7 is prismatic
Then
6
tose = G1d1 + dad2 .+ dode = D didi (686)
i=1
In coordinate form this is written o
e ] =Jq (687)
UVpe

where the columns of J are the coordinate vectors of the screw vectors J;. This is the fa-
miliar equation for the geometric Jacobian, except that the twist is then usually written

[(05e) T, (@) T
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14.9 Link twists of a vehicle-manipulator system

In this section the dynamics of a vehicle-manipulator system is described in terms of twists
and wrenches [1, 11, 9]. In this problem the base of the manipulator is a moving vehicle. Let
n be an inertial frame, while 0 is the base framne of the manipulator, and the frames 1 - 6 are
the link frames of the manipulator links according to the Denavit-Hartenberg convention. The
base is supposed to be a moving vehicle.

In the equations of motion there is a need to express the link twists in the form
thi/i ={ i } i=0,1,...,6 (688)
ni/i
where the twist is referenced to the origin of ¢ if link 4. This point is fixed in frame .
The twist of link 7 can be written
thisi = thopi Ttorsi - Ftioi (689)

which is the sum of the twist of the base, and the relative twists of the links. The twist of the
base is supposed to be

0
0 _ “Wro
th0/0 —{ o0 } (690)
The joint links are supposed to be rotary, and the relative twists of the links are
j—1 —p.1i1 -1 _}J Z
G-1g/i-1 = Oib55-0 Lijjma = { 0 } (691)

where the axis of the twist is a line through the origin of frame 5 — 1 in the direction of the z
axis of frame 7 — 1.

The twist of link 7 is
i—1

tin’/i = tfw/z‘ + t61/i +.o..+ tg—l,i/i = tfw/i + Z ejl-é'/z' (692)
7=1

Let the generalized velocities of the vehicle-manipulator system be given by

u = [(wno) T, (vo) T, 61, ., 06]" (693)
Then .
tniji = Piu (694)
where P; is the Jacobian of link ¢, which is given by
P=|Tf L, .. L, 0 ..0] (695)
Here '
. R 0
T = 0 : ] 696
5= 'y R (696)
and
; R 0 i 2zt
o= | e ; ]LJ? :{ F-1 } =1, 697
ifi (pj;_1) R;_y Rj_, | 9/} (Pij—1) "z g (697)
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15 Forces and torques on a rigid body in terms of a wrench
15.1 The wrench as a screw representation of forces and moments

A wrench is a screw description of the forces and moments acting on a rigid body. Before
introducing the wrench a discussion on the description of equivalent descriptions of forces
and moments will be presented. In this discussion a force vector is 5 given in a coordinate-free
descrlptlon F a moment is given by N. The moment of the force F about appoint P is given
by N = 7x F where 7 is the position vector from the point P to the line of action of the force.

15.2 TForces and torques acting on a rigid body

Consider a rigid body B and a set S of np forces F’i, 1 =1,...,np, acting on the body B.
Each force has a line of action, which is a line in the direction of the force through the point
where the force is acting on the body.

(r)

The combined action of the set S of forces can be described in terms of a resultant force F S

and the moment N s/p on B of the set .S about a point P. The resultant force F ér) of the set
S of forces is the vector

FO =3 F (695)

while the moment on B of the set S about a point P is
ng
Nejp = 7piF; (699)

where 7p; is the position vector from the point P to a point on the line of action of force F,.
This moment may include a torque, which is represented by a force couple. It is interesting
to note that the resultant force is a sum of forces, where each force has a line of action. In
contrast to this, the resultant force cannot be considered to have a line of action.

The moment about some other point () is given by
ng ng ng
NS/Q = ZFQZF’L = ZFPzFZ +ZFQPFZ' (700)
i=1 i=1 i=1
which gives the following expression for the moment about the point Q).

NS/Qzﬁs/p+FQPXﬁéT) (701)

This shows that the moment about  is the moment about P plus the moment that would
result from the resultant force if the resultant force had line of action through the point P.
This description has the problem that the resultant force does not have a well-defined line of
action. Therefore it is common practice [7] to represent the set S of forces by an equivalent
set X, with a force ﬁgp and torque fgp where

By, = FO T, = Nojp (702)

P
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where the force ﬁgp is assigned a line of action through the point P. Then, the moment about
a point @ will be
NEp/Q = sz + 'FQP X sz (703)

which shows that the sets § and ¥, are equivalent.
It is noted that an alternative equivalent set 3, can be defined with a force ﬁgq = ﬁgp with
line of action through the point @), and a torque Ts . = fzp +7gp X ﬁgp.

15.3 The wrench as a screw representation of forces and moments

A frame b is fixed in the rigid body B, and the set X, with a force ﬁgp and torque Cfgp is given
in the coordinates of frame b as ng and Tgp. Consider the following screw

Fb
wy, p = { Tgp } (704)
P

This is the wrench of 3, with reference to the point P in the coordinates of b. The wrench of a
set X, with reference point P is a screw where the direction vector is the force of ¥, and the
moment is the torque of ¥,. Note that the force must have a line of action in this description.

This wrench of 3, with reference point P can be transformed to a reference point ¢ with the
usual screw transformation

I 0
b b
wy o = [ (T%P)X I ] wy, /p (705)

F} I o0 F F}
b' (= | (b v (= b b b (706)
Ty, (rop)x I Ty, T3, + (rgp) X Fy,
It is seen that the resulting wrench is a screw where the direction vector is the force ng with

line of action through P, and the moment qu + (7"22 p) X ng of ¥, about (). This means that
the wrench maintains its physical interpretation under screw transformations.

which gives

15.4 The wrench axis

Consider a rigid body B where the combined action of the forces acting on the body is repre-
sented by set %, with a force Iy, with line of action through a point P that is fixed in B, and

a torque fgp. The torque is written

where f\l is parallel to the line of action of the force ﬁzw and T is perpendicular to the force

F. The moment about a point @ is

ﬁzp/Q = pr + ’FQP x ﬁzp = CfH +fJ_ + 'FQP X ﬁEp (708)
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Her the moment 7gp X ﬁgp is perpendicular to the line of action of the force. This means that
whenever the force is nonzero, it is possible to select the point () so that T = —7rQp X ng.

For this particular point (), the moment will be ng Q= Th, which is a torque about the line
of action of the force.

Then the combined actlon of the forces acting in B can be represented by the equlvalent set
¥4 defined by the force Fg with line of action through the point @), and a torque TE = TH

along the line of axis of the force B, .- The line of action of the force is called the wrench axis
WA. The wrench referenced to any point on the wrench axis is

Fb
Wy, jwa = { Ty’ } (709)

where the force and the torque vectors are parallel.
15.5 Systems of wrenches

The concept of a wrench axis is developed in this section. The wrench axis has the property
that if a wrench is referenced to any point on the wrench axis, then the moment of the wrench
will be along the line of action of the force. This is mainly interesting from a theoretical point
of view, and is included to give more insight into the physics of the problem. Consider a set
of wrenches wf}q that are given in the coordinates of frame b;, and has the origin of frame ¢;
as a reference point. This wrench can be transformed to the coordinates of frame b and to the

origin of frame ¢ as the reference point through the screw transformation

R} 0 .
b _ b; bi
b ey ) |l (710

In the special case where coordinate frames b and b; coincide with the reference frames ¢ and
¢; this transformation becomes

b;
w}), = Adgy wij, (711)
where
RY 0
san = gy, m | (72
is the adjoint transformation of
b b
= | B P (713)
b; OT 1

Then a set of n,, wrenches can be transformed to the coordinates of b and the reference point
in the origin of b with the transformation

w! /C Z AdTb w iy (714)
=1
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15.6 Reciprocity of twist and wrench

:{ ‘;’ } (715)

w:{ g} (716)

that are given in the coordinates of the same frame, and with the same reference point. Then
the inner product of the twist and the wrench is

w- F
t.w_{v-F+w-T} (717)

The first term of the inner product has no physical significance. The twist and the wrench are
said to be reciprocal if the second term of the inner product is zero, that is,

Consider a twist

and a wrench

v - F+w-T=0 (718)

It is seen that if the twist and the wrench are reciprocal, then the work done on the rigid body
by the wrench is zero.

15.7 Invariance of reciprocity under displacements

Consider the twist # = w-+ev and the wrench @ = F+¢T. In the dual number formulation the
screw transformation is represented by the dual matrix A = R+¢(d* R+ R). The transformed
SCrews are

t' =At = (R+¢(d*R+ R))(w + ev) = Rw + ¢(Rv + d* Rw) (719)
w' =Aw = (R+e(d*R+ R))(F +¢T) = RF + ¢(RT + d* RF) (720)

The inner product of the transformed screws is

t' W' =[Rw + ¢(Rv + d* Rw)] - [RF + ¢(RT + d*RF)] (721)
=Rw-RF +¢Rv-RF+ Rw-RT+d Rw-RF + Rw-d*RF) (722)
—w'RTRF + ¢(v"R"RF + w'"R'RT + wTRT(d*)"RF + wTRYd*RF) (723)
=w-F+ev-F+w-T) (724)
=t (725)

where it is used that the skew symmetric form satisfies d* + (d*)T = 0. It follows that the

scalar product of a twist and a wrench is invariant under displacements, and that reciprocity

of a twist and a wrench is still satisfied when the twist and the wrench undergo the same
displacement.
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16 Parallel manipulators
16.1 Introduction

The usual industrial manipulators are of the serial-link type, where each link of the robot is
connected with a joint with one degree of freedom. An n link manipulator will have n links
connected with n joints, and there are n independent joint variables ¢;, 1 =1,...,n.

Another type of manipulator is the parallel manipulator [10]. This is a type of manipulator
where there is typically a moving platform with m degrees of freedom that is connected to a
fixed base by m legs or limbs. The design of the parallel manipulator is said to be symmetrical if
the limbs have the same mechanical design, and each limb has one degree of freedom controlled
by an actuator [19]. The forward kinematic problem will then be to determine the position
and orientation of the platform for when the limb variables are given. The inverse kinematic
problem is to determine the limb variables when the position and orientation of the platform
is given.

16.2 The Stewart platform

A well-known parallel manipulator is the Stewart platform [18]. This manipulator has a con-
trolled platform with 6 degrees of freedom, and is controlled with 6 limbs, where each limb
is a prismatic joint where the length of the limb is controlled with an actuator. Each limb
is connected with a spherical joint to the base at one end, and is connected with a spherical
joint to the controlled platform at the other end. The limb has a prismatic joint. Therefore,
this arrangement is called a 6SPS design, which is a design with 6 limbs, and each limb is a
spherical-prismatic-spherical arrangement.

16.3 Inverse kinematics

A frame a is fixed to the base, and a frame b is fixed to the moving platform. The displacement
from frame a to frame b is given by the homogeneous transformation matrix

Ra
ze—| o 7] (726)

Limb 7 is fixed with a spherical joint in the base at the position a; relative to frame a in the
coordinates of a, and with a spherical joint in the platform at position b; relative to the b
frame in the coordinates of b. The vectors a; and b; are constant design parameters of the
manipulator. The length of limb ¢ is given by the length d; of the vector d; from the spherical
joint in the base to the spherical joint at the platform. Then p = a; + d; — R}b;, and

d; = p—a; + Rib, (727)
and the inverse kinematics is given by joint lengths

di=/dld;, i=1,...,6 (728)

where d; is calculated from (727) when T is given. The joint lengths must be positive, so the
positive solution of d? = d}'d; can always be used.
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16.4 Jacobians

The Jacobian for a parallel manipulator gives a linear mapping between the joint velocities
and the linear and angular velocity of the platform. This mapping can be written

Jpw = Jyq (729)
where w = [vT,wT]T is the twist vector of the platform, where the difference compared to a
serial-link manipulator is that there is a matrix Jy, in the expression. The Jacobian J of the
parallel manipulator is then defined by

g=Jw, J=J,'J, (730)

It is noted that the Jacobian of a parallel manipulator corresponds to the inverse Jacobian of
a serial-link manipulator.

16.5 Singularities

The singularities of a parallel manipulator are the singularities of J;, which are called inverse
kinematic singularities, and the singularities of J,,, which are called the direct kinematic
singularities. Singularities where both J, and J,, are singular are called combined singularities.
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